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Nuclear Magnetic Resonance (NMR)

Nuclear spins
I=1/2

En
er

gy



Why Spins?

Simple, well isolated quantum system

Long decoherence times (~sec)

Gate operations are "easy" to implement

Mature Technology



Ensemble Quantum Computing

Qubits
Single spin detection difficult

use 1020 identical copies

“Ensemble Quantum 
Computing”



Liquid-state NMR Equipments
Static Field

B0

Brf

Static field: Superconductor coil
4K (He)

RF field: Transverse coil



10) Liquid-State NMR

10.1 Basics of NMR

10.4 Spin 
chains



10) Liquid-State NMR

10.3 Examples

10.1 Basics of NMR 15 = 5 x 3
10.2 NMR as molecular 
quantum computer

10.4 Spin 
chains



Other Equipments NMR & MRI
MRI: Magnetic Resonance Imaging



Nuclear Magnetic Resonance (NMR)
Static field

B0

hωZ ∝B0

hωZ kBT ~10
−5

↑
↓



Zeeman Interaction
Spin operator

Magnetic moment

Interaction (Zeeman) Hamiltonian 
with the magnetic field

Giromagnetic factor 

10.1) Basics of NMR



Zeeman Interaction
En

er
gy

 E

Magnetic field B0

Spins align with the field 
(minimal energy)

10.1) Basics of NMR



Magnetic Resonance

Zeeman effect

E

B Principle

MR measures transitions 
between spin states, 

which are excited by a 
radio-frequency field.



Applications of NMR

Proteins

Magnetic Resonance 
Imaging

Structure

Resonance-
frequency

aka MRI, 
MRT



Connectivities in the Brain



Equation of motion
Torque

angular momentum’s derivative

Ensemble average
magnetic moment



Campo estático

B0

Larmor precession: Density Matrix evolution

General density matrix for a ½ spin ensemble

Evolution operator of Zeeman interaction

Liouville–von Neumann equation:  
Schrödinger equation version for density

matrix
Solution

Equation of motion



Campo estático

B0

Larmor precession: Density Matrix evolution

General density matrix for a ½ spin ensemble

Liouville–von Neumann equation:  
Schrödinger equation  version for density 

matrix
Solution

Equation of motion



Campo estático

B0

Larmor precession: Density Matrix evolution

20

Gonzalo A. Alvarez

General density matrix for a ½ spin ensemble

Liouville–von Neumann equation:  
Schrödinger equation  version for density 

matrix
Solution

Measurements: Coherence



Bloch Equations

Felix Bloch
(1905 - 1983)

Equation 
of 

motion

Solution



B0

Signal Detection
Static field

Precessing spins = 
rotating 
magnetisation



B0

Signal Detection
Campo estático

Change of 
flux induces 

voltage



Excitation: spin state control

B0

magnetic radiofrequency field 
B1

B1

z

x

st
at

ic
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B 0



Spin evolution with a time dependent field (RF field)

Spin control
à RF magnetic fields

Hint !



Spin evolution with a time dependent field (RF field)

Lab frame Rotating frame

Spin control
à RF magnetic fields



Effective Field

27

Arbitrary directions are 
possible by adjusting 
frequency and phase of RF 
field

x-component given by RF field amplitude

z-component of magnetic field is 
reduced by ωrf/γ

ωL ω

z

x

rf

O
ffs

et



Resonant excitation

Precession : Special Cases

28

Free precession



Spin evolution with a time dependent field (RF field)

Lab frame
Rotating frame

On resonance RF

Spin control
à RF magnetic fields



Spin evolution in different frames

+Relaxation

Bloch Equation

Spin control
à RF magnetic fields

Nucleos:T1~seg, T*2~100us-1ms (solids), T2~500ms liquids



RF Pulses

31

π/2 pulse

Choose ωeffτ = π/2

τ

time



Oscillation à Quantum superposition: 
coherence

Decay: decoherence, relaxation

Inhomogeneous Magnetic Field à (T*2) 
Effective due to spin interactions (T2)

Pulse sequences: 1 pulse

eiφ
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10.2 NMR as a Molecular Quantum Computer

78

10.2.1 Spins as Qubits
10.2.2 Coupled spin systems

10.2.3 Pseudo / effective pure states 
10.2.4 Single-qubit gates
10.2.5 Two-qubit gates
10.2.6 Readout

10.2.7 Readout in multi-qubit systems 
10.2.8 Quantum state tomography 
10.2.9 DiVincenzos criteria



Spin 1/2 as Qubit

Spin 1/2 Qubit

Liquid-state NMR quantum computer

qubit 1 qubit 2 qubit 3

“monochromatic”
excitation

frequency



Selective Excitation

Nonselective excitation

Selective 
excitation

Qubit a Qubit b

ωa ωb

Condition for selective excitation:

|ωa-ωb|τ ≫ 1

Hard pulses

Weak pulses



Coupled spin systems

negative 
additional 

field

positive 
additional 

field

Splitting ~ coupling 
strength

Coupling partner : spin 1/2

smaller splitting
lower frequency

larger splitting
higher frequency



Coupling Hamiltonian

82



Coupled Spin Systems

83

Coupled 2-spin system



Pseudopure States

84

Some algorithms can be applied directly 
to mixed states

pp state preparation associated with 
exponential signal loss

Pseudopure states are (for all practical 
purposes) equivalent to pure states

pure state



Single Qubit Gates

arbitrary rotations 
are possible by 

appropriate choice 
of ωeff, τ

B1 axis can be changes 
by RF initial phase

Time evolution of spins = 
Larmor precession around effective field



10.2 NMR as a Molecular Quantum Computer

86

10.2.1 Spins as Qubits
10.2.2 Coupled spin systems

10.2.3 Pseudo / effective pure states 
10.2.4 Single-qubit gates
10.2.5 Two-qubit gates
10.2.6 Readout

10.2.7 Readout in multi-qubit systems 
10.2.8 Quantum state tomography 
10.2.9 DiVincenzos criteria



Two Qubit Gates

87

NOOP

NOT

Required for universal quantum computer:
2-qubit gate, e.g. CNOT



1) Selective Pulses

88

invert

CNOT

Example: CNOT

Frequency

En
er

gy



SWAP by Selective Pulses

89

1)

2)

3)



Conditional Dynamics: e.g. Conditional flip

Spin-spin coupling: 

Dynamics of Spin I depends on state of spin S



TOFFOLI Gate or CCNOT

91

π/2 pulse π pulse

Pulses + free 
precession

Soft pulse 
(shaped pulse)

Mahesh, PhD thesis (2003)

=

Time



Detection

92

Detection of precessing magnetisation by Faraday effect

Precessing spin 
induces 
voltage in coil

Precessing spin = 
rotating 
magnetization



Measuring Populations

93

Apply (-x)-rotation

Iy

Frequency



AX Detection

94



Multi-Spin Systems

95

total number of  lines:

1 qubit

2 qubit

3 qubit

Frequency



A X

AX spectrum
nonselective pulse

Qubit-selective Readout

96

A 
spectrum
selective pulse

X 
spectrum
selective pulse

before pulse



Multi-Qubit Readout

97

Nuclear magnetic resonance spectroscopy: An experimentally accessible
paradigm for quantum computing ?

David G. Cory , Mark D. Price , Timothy F. Havel 

Physica D 120 (1998) 82–101



diVincenzo’s Criteria

98

Readout
Quantum-
register

Initiali-
zation

0
0
0
0
0
0
0
0
0

step 1 step 2 step N

Processor

....



Initialization

99

diVincenzo #2

Initialization into a well defined state.

Thermal relaxation

Problems:
- not a pure state
- relaxation is slow



Decoherence

100

Typical relaxation times ~ 1 s in liquid state NMR 
Typical gate duration ~ 10 ms à approx. 100 gates

diVincenzo #3



Gates

101

diVincenzo #4

gate = unitary transformation



Readout

102

diVincenzo #5



10.3 NMR Implementation of Shor’s Algorithm

103

10.3.1 Qubit implementation 
10.3.2 Initialization
10.3.3 Computation
10.3.4 Readout
10.3.5 Decoherence

Nature 414, 883 (2001).



Quantum Register

104

Coupling constants

Frequencies, relaxation times

Resonance frequencies @ 14 T: 
13C à 151 MHz, 19F à 565 MHz



Spectrum

105

Spin 1

NMR frequency [Hz]
-200 0 200

Spin 3Spin 2

-50 0 50 -50 0 50



Algorithm: factoring 15

106

pseudopure state

(0) (1) (2) (3) (4)

QFT



Initialization
Spectrum taken from thermal equilibrium

Qubit 1 Qubit 2 Qubit 3

Frequency
Pseudo-pure states for qubits 1-3 by temporal 
averaging over 36 experiments using symetries, (if
not 128-1)

Frequency



(0) (1) (2) (3) (4)

Adapted Algorithm

108

for a=7, N=15

msb

lsb
msb

lsb

m

n
msb

lsb



model

qubit 3

Experimental Results

109Frequency [Hz]

qubit 1 qubit 2
Equilibrium spectrum

PPS spectrum

Result for a=11
ideal
experimental

model

Result for a=7
ideal
experimental



Results for a=11

110

Qubit 1

Qubit 2

Qubit 3 ,

Readout:
measure populations



Results for a=7

111

Qubit 1

Qubit 3
,

Qubit 2
,



Decoherence
Pu

ls
e 

se
qu

en
ce

Total duration ~ 0.7 s



Decoherence Model

113

ideal

experimental

model
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Spin Chains

115

qubit 1 2 3



State transfer in spin chains

fully 13C-labelled lysine



State transfer in spin chains



State transfer in spin chains



State Transfer

qubit 1 2 3

switchable

How can quantum information be transferred along the chain?



Pulse Sequence

120Phys. Rev. A 76, 012317 (2007).

Time

H1
C3

F2



Transfer Achieved

Phys. Rev. A 76, 012317 (2007).

coherent evolution

decoherence

coherent evolution
+ decoherence



3-Body Interaction

122

1 2 3

State transfer:



Transfer Speed

123

0 2 4 6 8-2-4-6-8
0

1

2
Tr

an
sf

er
 t

im
e

3-body coupling strength



Implementation

124

“Half of Hamiltonian”



Evolution

Time t / t0

Phys. Rev. A, 73, 062325 (2006).
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Nuclear spin ½ - qubits

Selective transfer

G.A. Álvarez, et al. Phys. Rev. A (R) 81, 060302 (2010)



L-leucina

5

4321
mix
ˆˆˆ HHH Z +=

The system Hamiltonian

( ) z
i

i
iZ IH ˆˆ

0å DW+W= ! Zeeman Hamiltonian
Free evolution

( )å +==
ji

y
j

y
i

x
j

x
iijXY IIIIJHH

,mix
ˆˆˆˆˆˆ

Mixing Hamiltonian – Interaction Hamiltonian

Selective state transfer with global gates



   
2

ji

ij
free

k
t

DW-DW
=D

p

NÎijk
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path
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Inspired in the 
stroboscopic 

Selective state transfer with global gates

G.A. Álvarez, et al. Phys. Rev. A (R) 81, 060302 (2010)



NÎijk

i,j belong to the spins
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Zeeman field
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G.A. Álvarez, et al. Phys. Rev. A (R) 81, 060302 (2010)
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In phase

NÎijk

i,j belong to the spins
of the selected path

They are effectively pruned by successive interruptions 
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Selective state transfer with global gates

G.A. Álvarez, et al. Phys. Rev. A (R) 81, 060302 (2010)



NMR quantum Simulator (liquid state)

d1

abgd2 CO

Step by step transfer

XY effective Hamiltonian

2-3 spins à Perfect State Transfer

L-leucina

   Jij>>- ji ΔΩΔΩ

G.A. Álvarez, et al. Phys. Rev. A (R) 81, 060302 (2010)



Directional Perfect State Transfer

G.A. Álvarez, et al. Phys. Rev. A (R) 81, 060302 (2010)



Directional Perfect State Transfer

G.A. Álvarez, et al. Phys. Rev. A (R) 81, 060302 (2010)
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Directional Perfect State Transfer
Experiments

G.A. Álvarez, et al. Phys. Rev. A (R) 81, 060302 (2010)



Exercise
Show that the SWAP operation between two interacting spins governed by 
the Hamiltonian can be implemented in liquid-
state NMR using selective π-pulses. Consider the ideal limit for the selective 
pulses, i.e. the selective π rotations are ideal.

Use the following decomposition, discussed in class:

SWAP=CNOT(1,2)⋅CNOT(2,1)⋅CNOT(1,2) 

Assume that each CNOT(a, b) denotes a CNOT gate with spin a as the 
control and spin b as the target, and explain how each of these gates can be 
implemented using NMR pulse sequences, based on selective π-pulses.


