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Quantum time-translation machine
An experimental realization
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We report for the first time an experimental realization of a ‘quantuntime-
tranglation machine’ via superpositions of time evolutions as suggested by
Aharonov, Anandan, Popescu and Vaidman (1990, Phys. Rev. Lett., 64,
2965). The physical system consists of two coupled spins 1/2 and the amplifica-
tion scheme is applied to the heteronuclear coupling between the two spins. We
give a simple explanation of the phenomenon and suggest possible classical
analogues.

In a recent communication [1], Aharonov and coworkers introduced a new
notion: ‘a superposition of time evolutions (rather than of states) of a quantum
system’. These superpositions are created by coupling a quantum mechanical system
S to an external quantum mechanical system | in such a way that the time evolution
of system S depends on the state of system |. During a short time, the two coupled
systems are alowed to evolve freely. After this evolution period, the state of the
system S depends on a quantum variable of system | represented by the eigenvalues
of an operator /, acting only on system |. The superposition of time evolutions of
system S is then obtained by forcing system | into a state that is a superposition of
the eigenstates of /.. This projection of the state of system 1 affects the subsystem S
via the entanglement that was established during the free evolution of the coupled
systems. The resulting state of the system S can then differ considerably from any
state that it could have reached by free evolution during the same time, but may be
similar to a state that would have resulted from a prolonged evolution under the
same Hamiltonian. Aharonov and coworkers therefore compared the effect to that
of a time-trandation machine.

In this paper we give a demonstration that such a time translation can actually be
realized in the laboratory. Qur experimental system resembles closely one of the
examples suggested by Aharonov er al., consisting of an ensemble of spins
S=1/2ina magnetic field whose strength depends on a quantum mechanical space
coordinate. In our experiment, the strength of the magnetic field acting on the system
S is not correlated to a spatial coordinate, but to the state of a second spin |. More
specifically, our system consists of two spins S=1/2and | =1/2 that are coupled to
each other via an Ising-type interaction:

"%/Sl :2'/TJS: 1:. (1)

where S. and /. are the - components of the spin angular momentum operators
acting on the two spins. The observed spin S evolves under the influence of the
heteronuclear coupling to the spin | which can be in the eigenstate |« or .3) of
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the operator I,. The superposition corresponding to equation (3) of reference [1]is
then obtained by changing the quantization axis of spin I from z to z’. The observed
physical quantity is the orientation of the transverse magnetization of spin § when
spin I is in either one of the two eigenstates of I,.

If spin § is initialy aligned along the x axis, its wavefunction can be expanded in
terms of the eigenfunctions of S, asW(O):Z“'/Z (1, 1). In a magnetic field parallel to
the quantization axis, the spin precesses around the magnetic field; in terms of the
state ¥, this corresponds to an evolution W (1)=2""/2(e=/2 ¢#/2) where the phase §
is given by 6 =—vgByt, s represents the gyromagnetic ratio of spin S and B, the
strength of the magnetic field. If, as in our case, the magnetic field strength depends
on the external quantum coordinate I,, the sense of precession of the spin is cor-
related to this coordinate and the phase acquired by the spin depends now on the
oeprator I, as §;=2nJtl,, due to the ‘magnetic field By=—(2nJ/~s)I,. In order to
make this dependence on the external system more explicit, we turn now to a
description of this system in terms of the total state space of the combined S7 spin
system. Using the basis |aa),|ag),|Bc),|38), we choose the initial wavefunction as

Vg (0)=1/2(1,1,1,1). (2)

Evolution under the Hamiltonian (1) vyields then Wg(t)=1
(e_’é/z, e"s/z, e"s/z, e"‘s/z) where the phase é is now § = wJt. The superposition of
time evolutions can now be obtained by projecting this state onto the eigenfunctions
of an operator acting on the I subsystem that does not commute with I,. For the spin
1/2 system considered here, the most general such operator can be written as
Iy 4= Ie where I represents the spin angular momentum vector operator and e a
unit vector in 3. The eigenfunctions of this operator are Cf’f: (cos (8/2) e~ /2,
sin(6/2)€??) and (%9, = (= sin (8/2) e7#/2, cos (8/2) €¥/?), where § and ¢ are the
spherical coordinates of the unit vector. If the I part of the system is rewritten in
terms of these eigenfunctions while the s-spin functions are retained, the overall
wavefunction becomes therefore

ol i(6-9)/2 o—i6-9)/2
0o 1]l 1 g -0 1 0| _et6-02
ve(t) =5 o6 w2 1 =355 siamn | 5805 isan [ (3
2| pchf et 27772 eioy 22| oite+ay
e~ i(6+0)/2 _¢i6+9)/2

6 —i)2
ﬁd{ﬁ/ze /

The time-trandation effect is now obtained by projecting the system onto the part
corresponding to one of the two states Ci’l"’z of system Z; this corresponds to the
postselection process of reference [l]. The corresponding wavefunctions Vg . /z(t)
are given by the sum of the first and third or the second and fourth components of
wE? (1), respectively:

~i#2 | 36ib/2) 0.6
1 ((ae € )4_1/2) (4)

/3 t) = —
S,:l:l/Z( ) 2 (acig/z +ﬂe—i6/2)<9,1d;2
+

The state of this system clearly depends on the, direction of the quantization axis e
of system I. In our experiment, the observable quantities are the S-spin angular
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momentum components perpendicular to the z axis whose expectation values are
(Sx)x1/2(t) = (s, £1/2(1)|S4|¥s, 11/2(2)) =  [cos 6 + cos ¢ sin ]
(S))s,21/2(t) = (Ws,11/2(1)S, s, 11/2(2)) = £ gsin b cosb. ()

In close analogy to the case of free precession, we can now define a phases’;,(t)
of the transverse magnetization as

' 1 (Sy)+1/2(2) o *sindcosf
#1(1) = tan ((Sx>j:1/2(t) = tan cosétcosgsing)’ (6)

where the index refers to the states gi’l"/’z of system |. Obviously, this phase can
assume values up to « for appropriate values of § and ¢. Since the usual evolution

of a spinl1/2 under the heteronuclear J coupling leads to a phaseé = r J t, the phase

can be considered as a clock and the experimenal scheme described above generates a
phase that would correspond to a different evolution period. The largest effect is
obtsined for ¢ = 0, i.e. when the | system is quantized along a direction in the xz
plane. In this case, the resulting phaseis

s1/a(t) = tan”! ( ™

Depending on the eigenvalue chosen, the effect on the system is an accelerated (for
projection onto (f’l ,) or a retarded (projection onto (1"/';") evolution. For our
demonstration of the time-translation effect, we choose the hegative eigenvalue.
The experimental realization of this schemewas performed ona *C-'H spin pair
of chloroform (99% '*C enriched) using a Bruker MSL-400 NMR spectrometer.
The coupling between the two spins due to the high-field truncated scalar coupling is
then given by equation ( 1). The pulse sequence used is shown schematically in figure 1:
the pulses which are applied to the | spin are shown in the upper trace, those which
act on the § spin on the lower trace. A symbol of the form (x), denotes a radio

+sindcosf
cosf+sinf/’

I
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Figure 1. Pulse sequence used in the experiment. The upper line shows the pulses applied to
the Z( lH) spin, the lower part those applied to the S(”C) spin. The flip angles of the
pulses are given in parentheses, the relative phase as an index.
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frequency (r.f.) pulse with flip anglex around the x axis. The first four pulses (two
on each channel) are used to prepare theinitial condition equivalent to the one given
in equation (2). The system was then allowed to evolve freely for atimet under the
influence of the heteronuclear coupling. The rotation of the quantization axis of thel
system was performed by applying an r.f. field to the'H spinsalong adirection in the
xz plane. Simultaneously, the signal from the 1*C spins was recorded. By this
procedure, the signal components coresponding to both states of system | are
recorded simultaneously. A separation can easily be achieved via Fourier transfor-
mation of the measured free induction decay: due to the heteronuclear coupling, the
two components precess at different frequencies.

Two examples of the resulting spectraare shown in figure 2. They were obtained
by Fourier transformation of the free induction decay with (lower) and without
(upper) an r.f. field applied to the protons. The two resonance lines correspond to
the expectation values (S,), and (S,)_;,, associated with the 1/2 states of the
proton (i.e. the I spin); selection of one resonance line implements therefore the
projection onto a particular eigenvalue of I, (see eguations (4) and (5)). The
asymmetric shape of the two resonance linesis caused by the precession under the
heteronuclear coupling and the degree of asymmetry isadirect measure of the phase
acquired by the S spins. In the upper trace, this precession angle § is36° and in the
lower trace, the precession angles’ of the high frequency line increases to84°. This
precession angle was reached after the same evolution period as in the upper trace,
thereby demonstrating a time-translation effect.

This experiment was repeated for different tilt angles of the quantization axis.
The resulting spectra are compared with the theoretically predicted spectrain figure 3.
The agreement between theoretical and experimental spectra is excellent; the

i |
) | ’\ 5
T 07 he Frequency -107 Hz

Figure 2. Spectra obtained by Fourier transformation of a free induction decay withoua)
and with (b) irradiation of the I-spin system. The two resonance lines correspond to
different statesm; =+1/2 of the 1 system.
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Figure 3. Comparison of experimental (left) and theoretical (right) spectra of the high
frequency line of the'3C spectrum for different angles between the quantization axis and
the z axis.

differences are due mainly to the deviation of the experimental lineshape from the
theoretically expected L orentzian shape; the experimental lineshapeisdetermined by
the inhomogeneity of the static magnetic field and, to some extent, by the distribu-
tion of tilt angles of the quantization axis due to r.f. field inhomogeneity. The
amplitudes of the resonance lines are not to scale; as seen also in figure 2, the
amplitudes decrease as the phase 1 ‘amplification factor’ is increased when the
guantization axisistilted away from thez axis.

Figure 4 shows another comparison between the experimenta and theoretical
behaviour. For this figure, the precession angle §’ was extracted from the experi-
mental data by aleast-squares fitting procedure. The experimetnal data (circles) are
compared with the theoretical curve calculated from equation (7). Since the experi-
mental phase always tends towards = for tilt angles near 7/2, irrespective of the
evolutiontime, arbitrarily large amplification factorsare possible. In practice, limita-
tions arise. As pointed out also in reference [1], the signal amplitude decreases
dramatically as the amplification factor is increased. In the exmaple shown here,
the decrease in the amplitude is approximately one order of magnitude for a phase
multiplier of about 4. Larger multiplierslead to correspondingly higher attenuation.
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Figure 4. Experimental (circles) and theoretical (line) signal phase as a function of the tilt
angle # of the quantization axis. The experimental uncertainties are of the order of the
symbol size.

While the time-trandation effect seems mysterious at first, this example shows
that it is fully within the realm of quantum mechanics. This can be shown more
clearly by using a density operator formalism for the description of the experiment,
thereby performing the average over the spin ensemble explicitly. For this purpose,
we expand the density operator in terms of spin operators [2]. Starting from
a thermal equilibrium density operator at high temperature p,, =11+
fiws kT (S, + 41,) with wg representing the Larmor frequency of spin S, the first four
pulses prepare the system in the state

T,
kT

where « represents the flip angle of the first pulse. A state equivalent to ¥g;(0) of
equation (2) can therefore be obtained by setting sin x = 0-25: apart from irrelevant
terms proportional to I, and I,, and neglecting the Boltzmann factor, the simplified
initial density operator ¢ (0) isthen

p(0) = i1 +-=2(S, +8sinkS, I, ~4cosk ), (8)

7 (0) = [Ws(0)) (Fss(0)] =31 + 31x +3Sx + Sil, ©)

the density operator equivalent of equation (2). The effect of the free precession
under the heteronuclear coupling is described by the unitary transformation
U, = exp(—ié28,1,) with § = 7 Jt which leads to the state

o(1) = Uya (0)U;!
=11+ LI, cosé6+ S,1,sin6+3S,cos6+ S, sin6 + S, L.

(10)
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We turn now to the special case where the quantization axis for the I spin system
liesin the xz plane at an angle# with respect to the old z axis. The transformation to
this coordinate system is achieved by the rotation U, = exp ( —i61,) so that

o(2) = Uy e (1)U,
=11 + {I,cosécos +31,cosésinf+ S, I,siné+1S, cosé
+ Syl sinécosf — S, I, sinésinf + S, I, cos O + S, 1, sin 6. (12)
The measured quantities are then easily calculatedas
(S, £28,L) =1Tr{o(2) (S, £2S,1,)} = 1 (cos 6 + sinf)

(S, £28,I,) =1Tr{0(2) (S, £2S,L)} = £ 1sincos b, (12)
So that the observed phase becomes
/ (S 285, ) (t) .y (Esindcosf
8312(1) = tan (5,225, 1)(0) " \cosé£sind)’ (13)

in agreement with equation (7). Thisform shows clearly that the augmented phaseis
due to the competition of the two terms in the denominator, which allows one to
make the denominator arbitrarily small.

The calculation also suggests a different way of performing the experiment:
instead of applying a constant r.f. field at an angle § from the z axis during detec-
tion, the same result could be obtained by applying a pulse with flip angles along the
y direction immediately before detection. In this case, the resonance lines would be
observed at their native frequencies but the phases and amplitudes would be modi-
fied asin the current experiment. The near cancellation of two terms in the denomi-
nator of equation (13) shows that the time-trandation effect is related to the
possibility of measuring values far outside of the eigenvalue spectrum of the obser-
vable[3] which is claimed to be possible in certain ‘weak measurements'[4].

The density operator formalism presented here also suggests an aternative
interpretation of the observed effect that does not require the time trandation
concept; the entangled state ¥ ;(0) does not allow independent measurements on
both spins. Selecting a particular eigenvalue of the I spin selects therefore also among
the § spins; excluding some of theS spins from the actual measurement process leads
to the reduced amplitude discussed above. This interpretation permits also the
construction of a classical analogue that does not involve a superposition of time
evolutions. suppose that an ensemble of atoms whose velocities obey a Boltzmann
distribution isinitialy located in the half space x < 0 and that a shutter at x =01is
suddenly removed, allowing the atoms to spread into the other half space. If the
progress of the atoms into the right half space is monitored by irradiating the atoms
with alaser beam incident from x — oo and measuring the fluorescence of the atoms,
the result clearly depends on the laser frequency which selects a certain velocity
group within the Doppler-broadened resonance line. If the laser frequency is set to
the red wing of the resonance line, only the atoms with a high velocity component in
thex direction are excited, so that the motion of the atoms appears faster than would
be expected from the thermal velocity distribution. A negative scaling factor could
equally be obtained by tuning the laser to the blue side of the spectrum, thereby
choosing the atoms with a velocity component in the (—x) direction, i.e. the atoms
moving away from the shutter region into the filled half-space. Neglecting the effect
of collisions, it would then appear as if the half-space to the right remained empty.
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In conclusion, we have shown that the time-translation machine suggested by
Aharonov etal. can actually be realized experimentally. For thisimplementation, we
have used a spin system coupled to a quantum variable that isin our case a second
spin variable. Similar experiments with classical systems seem equally possible. The
approach used here leads to a time trandation only if the system is initialy in a
specific state, asin all the examples given in reference[1]. No simple generalizationis
apparent that would lead to the more general case of a time-trandation that is
independent of the initial conditions, as mentioned in reference [I].

While our experiment can be considered as an implementation of the time-
tranglation concept of Aharonov etal., thisis certainly not the only possible inter-
pretation, as we have shown. We hope that our explicit treatment has somewhat
demystified the ‘ time-trandation machine'. In the context of the described simple
experiment, its function is a straightforward consequence of well known guantum
mechanical measurement principles. Nevertheless, we do not want to preclude that
the principles presented in reference [1] could have more far reaching consequences
that go beyond our present understanding.

This work was supported by the Schweizerischer Nationalfonds. We gratefully
acknowledge helpful discussions with Dr Rafael Briischweiler.
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