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Complementarity was originally introduced as a qualitative concept for the discussion of properties of
quantum mechanical objects that are classically incompatible. More recently, complementarity has become a
quantitative relation between classically incompatible properties, such as the visibility of interference fringes
and “which-way” information, but also between purely quantum mechanical properties, such as measures of
entanglement. We discuss different complementarity relations for systems of two-, three-, or n qubits. Using
nuclear magnetic resonance techniques, we have experimentally verified some of these complementarity rela-

tions in a two-qubit system.
DOI: 10.1103/PhysRevA.72.052109

I. INTRODUCTION

Complementarity is one of the most characteristic proper-
ties of quantum mechanics, which distinguishes the quantum
world from the classical one. In 1927, Bohr [ 1] first reviewed
this subject, observing that the wavelike and particlelike be-
haviors of a quantum mechanical object are mutually exclu-
sive in a single experiment, and referred to this as comple-
mentarity. Probably the most popular representation of Bohr
complementarity is the “wave-particle duality” [2,3], which
is closely related to the long-standing debate over the nature
of light [4]. This type of complementarity is often illustrated
by means of two-way interferometers: A classical particle
can take only one path, while a classical wave can pass
through both paths and therefore display interference fringes
when the two partial waves are recombined. Depending on
their state, quantum mechanical systems (quantons) can be-
have like particles (go along a single path), like waves (show
interference), or remain in between these extreme cases by
exhibiting particlelike as well as wavelike behavior. This can
be quantified by the predictability P, which specifies the
probability that the system will go along a specific path, and
the visibility V of the interference fringes after recombina-
tion of the two partial waves, which quantifies the wavelike
behavior. A quantitative expression for the complementarity
is the inequality [5-10]

PP+ V?<1, (1)

which states that the more particlelike a system behaves, the
less pronounced the wavelike behavior becomes.

In composite systems, consisting of two (or more) quan-
tons, it is possible to optimize the “which-way” information
of one particle: one first performs an ideal projective mea-
surement on the second particle. By an appropriate choice of
the measurement observable, one can then maximize the pre-
dictability for the first partial system. This optimized prop-
erty, which is called distinguishability D, obeys a similar
inequality [5-10]:
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D>+ V?<1. (2)
For pure states, the limiting equality holds,
D>+ V=1, (3)

while the inequality holds for mixed states. This issue has
been experimentally investigated in the context of interfero-
metric experiments, using a wide range of physical objects
including photons [11], electrons [12], neutrons [13], atoms
[14], and nuclear spins in a bulk ensemble with nuclear mag-
netic resonance (NMR) techniques [15,16].

In systems of strongly correlated pairs of particles, it is
often useful to consider particle pairs as composite particles
with an independent identity. Such composite particles that
consist of identical particles include pairs of electrons (Coo-
per pairs) and photon pairs [17]. Many interesting phenom-
ena, such as superconductivity, are much easier to understand
in terms of the composite particles than in terms of the indi-
vidual particles. Suitable experiments, such as two-photon
interference [17,18] can measure properties of the composite
particles. These experiments made it possible to quantify the
“compositeness” of a two-particle state. Extreme cases are
product states, which show no signal in two-particle interfer-
ence experiments, while maximally entangled states maxi-
mize the two-particle visibility but show vanishing visibility
in experiments testing the interference of individual particles
[19]. Between these extremes lies a continuum of states for
which the complementarity relation

VZ+vi,<1 (k=1,2) (4)

holds, which is valid for bipartite pure states [9,20]. Here,
Vi is the single-particle visibility for particle k, while V,
represents the two-particle visibility. This intermediate
regime of the complementarity relation of one- and two-
photon interference has only recently been experimentally
demonstrated in a Young’s double-slit experiment by
Abouraddy er al. [21].

From a quantum information theoretic point of view,
composite quantum systems involve inevitably the concept
of entanglement, which is a uniquely quantum resource with
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no classical counterpart. Does entanglement constitute a
physical feature of quantum systems that can be incorporated
into the principle of complementarity? Some authors have
explored this question and obtained some important results,
such as the complementarities between distinguishability and
entanglement [22], between coherence and entanglement
[23], and between local and nonlocal information [24], etc.
Additionally, some complementarity relations in n-qubit pure
systems are also observed such as the relationships between
multipartite entanglement and mixedness for special classes
of n-qubit systems [25], and between the single-particle
properties and the n bipartite entanglements in an arbitrary
pure state of n qubits [26].

More recently, Jakob and Bergou [27] derived a general-
ized duality relation between bipartite and single-partite
properties for an arbitrary pure state of two qubits, which in
some sense accounts for many previous results. They showed
that an arbitrary normalized pure state |®) of a two-qubit
system satisfies the expression [27]:

CC+Vi+Pi=1. (5)
Here the concurrence C [28,29] is defined by
C(10) =[0|(¢" & a\?)|07) (6)

as a measure of entanglement. o™ is the y component of the

Pauli operator on qubit k and |®~) is the complex conjugate
of |@®). The concurrence is a bipartite quantity, which quan-
tifies quantum nonlocal correlations of the system and is
taken as a measure of the bipartite character of the composite
system. The complement

Si=Vi+ P} (7)

combines the single-particle fringe visibility V) and the pre-
dictability P,. This quantity is invariant under local unitary
transformations (though V, and P, are not), and is therefore
taken as a quantitative measure of the single-particle charac-
ter of qubit k.

Since the two-particle visibility is equal to the concur-
rence, V,=C [27], we can rewrite Eq. (5) as

VL+ Vit Pi=1 (k=1,2). (8)

This turns the inequality (4) into an equality and identifies
the missing quantity as the predictability P;.

For pure bipartite systems, an equation similar to Eq. (3)
holds D;+V;=1. Here, the index k=1,2 refers to the differ-
ent particles as the interfering objects in the bipartite system.
Combining this with Eq. (5), we obtain

D; =P+ C% 9)

Apparently, D, contains both the a priori WW information
P, and the additional information encoded in the quantum
correlation to an additional quantum system which serves as
the possible information storage. This quantum correlation
can be measured by the concurrence. This reveals explicitly
that quantum correlation can help to optimize the informa-
tion that can be obtained from a suitable measurement; with-
out entanglement, the available WW information is limited to
the a priori WW knowledge P;.

PHYSICAL REVIEW A 72, 052109 (2005)

112 42 |
@
I
+1/2 Iﬂl '
/2 ) 2 T2

FGP \/V

FIG. 1. Principle of NMR interferometry: (a) Path representa-
tion and (b) pulse sequence.

For mixed states, a weaker statement for the complemen-
tarity (5) is found in the form of an inequality C>+V;+P;
=< 1. However, there is no corresponding inequality for the
two-particle visibility V|, in the mixed two-particle sources
because it is very difficult to get a clear and definite expres-
sion for Vy, and the direct relation between concurrence and
two-particle visibility ceases to exist for mixed states [27].

In this paper, we give a proof-of-principle experimental
demonstration of the complementarities (3), (5), and (8) in a
two-qubit system. In addition, we extend the complementar-
ity relation (5) to multiqubit systems. The remainder of the
paper is organized as follows: In Sec II, we introduce NMR
interferometry as a tool for measuring visibilities and which-
way information. Sections III and IV discuss measurements
of the visibilities and the which-way information in pure
bipartite systems. Section V is an experimental investigation
of the complementarity relation for a pure bipartite system
on the basis of liquid-state NMR. For this purpose, we ex-
press the entanglement (concurrence) in terms of directly
measurable quantities: the two-particle visibility V;, and the
distinguishability D,. This allows us to test two interferomet-
ric complementarities (8) and (3) by specific numerical ex-
amples. In Sec. VI we generalize the complementarity rela-
tion (5) to multiqubit systems. A quantitative complemen-
tarity relation exists between the single-particle property and
the bipartite entanglement between the particle and the re-
mainder of the system in pure multiqubit systems. This al-
lows us to derive, for pure three-qubit system, a relation
between the single-particle, bipartite, and tripartite proper-
ties, which should generalize to arbitrary pure states of n
qubit systems. Finally, a brief summary with a discussion is
given in Sec. VIL

II. NMR INTERFEROMETRY

Complementarity relations are often discussed in terms of
photons or other particles propagating along different paths.
Another, very flexible approach is to simulate these systems
in a quantum computer. In particular liquid state NMR has
proved very successful for such investigations. Optical inter-
ferometers can readily be simulated by NMR-interferometry
[30].

Figure 1 shows how such an interferometric experiment
can be implemented by a sequence of radio-frequency
pulses. Assuming an ideal spin I=% particle, the Hilbert
space ‘H, associated with the particle is spanned by vectors
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10)(m=+1) and |1)(m=-1). A beam splitter, which puts the
particle incoming from one port into a superposition of both
paths is realized by a radio frequency (rf) pulse that puts the
spin in a superposition of the two basis states. If the flip
angle of the pulse is taken as /2, it corresponds to a sym-
metric beam splitter. A relative phase shift between the two
paths, which corresponds to a path length difference, can be
realized by a rotation of the spin around the z axis. The
second 7r/2 radio frequency pulse recombines the two paths.

For the discussion of the complementarity of interference
vs which-way information, we consider the superposition
state behind the first beam splitter as the starting point. The
action of the phase shifter and the second beam splitter can
then be summarized into a transducer. Mathematically, this
transducer maps the input state into an output state by the
transformation

U(¢>)=e""/4%e—i¢/2%=L it 2 o)
) \"E _e—i¢/2 e,‘¢/2 .

In the NMR interferometer, a number of different possi-
bilities exist for implementing the action of the transducer.
We chose the following pulse sequence, which provides high
fidelity for a large range of experimental parameters:

T
(e - . 11
(7] ¢)/2{ 5 L/z (11)

Here, we have used the usual convention that [ ] refers to
an rf pulse with flip-angle « and phase B.

The resulting populations of both states in the output
space vary with the phase angle ¢. As shown in Fig. 1, they
can be read out by first deleting coherence with a field gra-
dient pulse (FGP) and then converting the population differ-
ence into observable transverse magnetization by a /2
read-out pulse. The amplitude of the resulting FID (the inte-
gral of the spectrum) measures then the populations:

Swur ~ p(0)) = p(|1)) =2p(|0)) - 1,

where we have taken into account that the sum of the popu-
lations is unity. The experimental signal can be normalized to
the signal of the system in thermal equilibrium.

Figure 2 shows, as an example, the interference pattern
for the single proton spin in H,O. The amplitude of the spec-
tral line shows a sinusoidal variation with the phase angle ¢,
which implies the sinusoidal variation of the population
p(|0)) or p(|1)).

The visibility of the resulting interference pattern is de-
fined as

_ [p(|x>)]max - [p(|x>)]min
[p(|x>):|max + [p(|x>)]min '

where x=0 or 1, and p,,, and p,,,, are the minimal and
maximal populations (as a function of ¢).
Since an input state

(12)

P =21 4+59. ) (13)
with an initial Bloch vector E(i)=(s§:),s§f),s(zi)) and Pauli spin
operators 5’=(Ux,o3,,oz) is transformed into
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FIG. 2. NMR signals versus the phase angle ¢.

v
p! —— pP=3(1+57 . 5) (14)

with E(f):(—sii),sii) sin ¢+ si,i) cos gb,s(i) cos d)—siﬂ sin @) by

X
the transducer, we find for the visibility

V=) + (s7)? (15)
and for the predictability
(@)

S0

Z

P=

(16)

With the described experiment, it is thus straightforward to
verify the inequality (1).

II1. VISIBILITIES IN BIPARTITE SYSTEMS

A. Theory

The NMR interferometry experiment can easily be ex-
panded to multiqubit systems. We start with a discussion of
pure bipartite systems, where we explore the visibility in
different types of interferometric experiments, geared to-
wards single- and bipartite properties. Figure 3 shows the
reference setup: The source S emits a pair of particles 1 and
2, one of which propagates along path A and/or A’, through
a variable phase shifter ¢; impinging on an ideal beam split-
ter BS;, and is then registered in either beam K; or L;. On
the other side there is the analogous process for the other
particle with paths B and B’'.

Without loss of the generality, we first associate states |A),
|B), |K,), and |K,) in Fig. 3 with the spin-up state |0) and

K ¢’1 A B 9, K2

1 Al B Lz

FIG. 3. Schematic two-particle interferometer using beam split-
ters BS;, BS,, and phase shifters ¢, ¢,.
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NMR frequency NMR frequency carbon at ¢;=0: (a) and (b) for the product state
|®); (c) and (d) for the entangled state |¥). (a)
© (d) and (c) are the proton signals and (b) and (d) are
the carbon signals.
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|A"), |B'), |L,), and |L,) with the spin-down state |1). A par-  that single-particle contributions are eliminated [9,20].

ticle pair emitted from the source S can be expressed as the
general pure two-qubit state |®):

|©) = ¥10)1]0)2 + 121001 [1)2 + ¥3[1)1]0)2 + 74| 1)1[1),
(17)

with complex coefficients y; that are normalized to 1.

Assuming that the transducers consist of variable phase
shifters and symmetric beam splitters, they can be described
by the unitary operation

U(Py, ) = U, () @ Uy(ehy), (18)

where each transducer is defined according to Eq. (10). Here
the subscripts label two different particles. Applying the
transducer (18) to the initial state (17), we can calculate the
detection probabilities in the output channels as

p(0)) =5+ (= Dy 93 + yavslcos(y - 8)),

p(02) =5 + (= 1y + vsvilcos(dy = &), (19)

where x=0 or 1, ¥%+%%=|71Y:+%Yle®, and
V1Y + V3 ¥a=| 717>+ v37,]€'®. The single-particle count rates
p(|x),) reach their maxima and minima when the phase
shifters are set to ¢y=nm+5(n=0,=1). From Egs. (12) and
(19), the single-particle visibilities can be obtained as

Vi=2lyy+ vl i=2mntvnl. (20)

Two-particle properties can be measured by higher order
correlations. Following Refs. 9 and 20, we use the “cor-
rected” two-particle fringe visibility

_ [17(|x>1|}’>2)]max - [p_(|x>1|y>2)]min
20192 T + [ 1)) T

where x,y=0 or 1. The corrected joint probability
P(ony)) =p([y)2)=p(y)p(y)y) +5 are defined such

21)

p(jx)1]y),) denotes the probabilities of joint detections. As
the visibilities explicitly depend on the form of the transduc-
ers involved and the details of the measurement (e.g., the
measurement basis {|K),|L)} is chosen as {|0),]1)}), we use
the symbols V), V;, here, to indicate the experimental vis-
ibilities under a specific experimental configuration, as op-
posed to the maximal visibilities V;, V.

The corrected two-particle joint probabilities can be cal-
culated as

ﬁ(|x>1|y>2) = 411{1 + (- 1)x+’v[|M|COS(¢| +dr— &)
+[N|cos(¢y — ¢, - &)1}, (22)

where

M=y~ (MY + 127D (v + vavy) = |M|e,

N=9y- v+ ny) v+ vs7s) = Ne®.  (23)

The maximal and minimal values of p(|x),|y),) are thus

ﬁmax,min(|x>l|y>2) = 41_;[1 + 2(|M| + |N|)]

These values are reached only when the phase shifters are set
to (¢, py)=(nm+(&+ &) /2, mm+ (& -&)/2), where the pa-
rameters n,m can be (n,m=0,=1). Hence, on substituting
for the maximal and minimal values of these probabilities in
Eq. (21), we find

(24)

Vi =2(M| + |N)). (25)

With Egs. (20), (23), and (25), the complementarity relation
(4) is obtained, valid for arbitrary pure bipartite states.

B. Experiments on two extreme cases

For the experimental measurements, we used the nuclear
spins of 1*C-labeled chloroform as a representative two-qubit
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quantum system. We identified the spin of the 'H nuclei with
particle 1 and the carbon nuclei (°C) with particle 2. The
spin-spin coupling constant J between '°C and 'H is
214.95 Hz. The relaxation times were measured to be
T,=165sec and T,=69sec for the proton, and
T,=21.2 sec and T,=0.35 sec for the carbon nuclei. Experi-
ments were performed on an Infinity+ NMR spectrometer
equipped with a Doty probe at the frequencies 150.13 MHz
for C and at 599.77 MHz for lH, using conventional
liquid-state NMR techniques.

For most of the experiments that we discuss in the follow-
ing, the system was first prepared into a pseudopure state
poo=(1-€)/(tr(1))1+&|00)(00|. Here, 1 is the unity operator
and & a small constant of the order of 10~> determined by the
thermal equilibrium. We used the spatial averaging technique
[31] and applied the pulse sequence:

a|! a|! /2 a |!
= -G,— |~ -—=|=| -G, (26)
31 4lmn 7 4 1o
where G, is a field gradient pulse that destroys the transverse
magnetizations. The upper indices of the pulses indicate to
which qubit the rotation is applied.
Starting from this pseudopure state, we then prepared the

two-particle source states |@). As an example, we consider a
product state |P)

)= (%(lox + |1>1>> @ (#(lom |1>2>), 27)
V2 V2
and a maximally entangled state |¥")
1
W) = E(|O>1‘O>2+ [11]1),). (28)

They can be prepared from pyy by the following pulse se-

quences.
. /2 /2 ’

CHIEREIH )
-20277/22172377/227#2 ud) 277/2’

(29)

where — 6/ wJ— represents a free evolution for this time under
the scalar coupling.

The actual interferometer was realized by applying the
transducers U(¢, , ¢b,) of Eq. (18) to the prepared state |O),
which describes the effect of the phase shifters and symmet-
ric beam splitters. The transducer pulse sequence (11) is si-
multaneously applied to both qubits.

The probabilities that enter the complementarity relations
can be expressed in terms of populations of the four spin
states. To determine these spin states, we used a simplified
quantum state tomography scheme to reconstruct only the
diagonal elements of the density matrix. This was realized by
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FIG. 5. Experimental spectra of proton with the phase ¢;: (a)
for the product state |®) and (b) for the entangled state |¥).

3
G, —-| < - FID, (30)
2 /2

for k=1,2. FID, represents to recording the FID of qubit k
after a field gradient pulse G, and a read-out pulse [7/2]* ,.
Figure 4 shows the NMR signals after Fourier transformation
of the corresponding FIDs for the proton and carbon spins in
BCHCI, at ¢,=0 when they are prepared in the product state
|®) or the maximally entangled state |W). The signals mea-
sure the populations

Symr(Proton) ~ p(|0);]x),) = p(|1)1]x),).

Symr(Carbon) ~ p(|x)]0),) — p(|x);[1),), (31)

where x=0 for the high-frequency resonance line and 1 for
the low-frequency line.

To create an interferogram, we varied the phases ¢, from
0 to 2, incrementing both simultaneously in steps of 7/16.
The resulting interference pattern of the proton is shown in
Fig. 5. The carbon signals have a similar behavior as a func-
tion of ¢, for the states |®) and |¥), as Fig. 5 shows. From
these experimental data points, we calculated the probabili-
ties p(|x),) and p(|x),|y),) and fitted those to a cosine func-
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tion: y=A cos(x—x,)+B. From the fitted values of the ampli-
tude A and the offset B, we extracted the experimental
visibilities as  V;=1.04+£0.02, 1,=0.99+0.01, V),
=0.05+0.01 for the product state |®) and V;=0.03+0.01,
V,=0.1420.01, V;,=0.86+0.02 for the entangled state |¥")
by the definitions of Egs. (12) and (21). As theoretically
expected, the product state |®) shows one-particle interfer-
ence fringes, but almost no two-particle interference fringes,
while the situation is reversed for the entangled state |W). It
can also be seen that the discrepancies from the theory are
larger for the entangled state |W) than for the product state
|®). This is easily understood by realizing that the state
preparation is more complicated for the entangled state.

IV. WHICH-WAY INFORMATION IN BIPARTITE
SYSTEMS

A. Predictability

For the same system, we can calculate the predictabilities,
i.e. the probabilities for correctly predicting which path the
particle will take, from the expectation value of the o{k) ob-

servable on the state |@), i.e., P,=|(® (rik) 0):
Pr=lnl>+ 17l =l = nll
Pr=lInl =7l + Inl = [l (32)

where a'ik) is the z component of the Pauli operator on

qubit k. P is thus the magnitude of the difference between
the probabilities that particle k takes path |0); or the other
path |1),.

For the experimental measurement of the predictability
Py, we measure the observable crfk) by partial quantum state
tomography: a field gradient pulseAv destroys coherences and a
readout pulse [7/2]% , converts o-ik) into O'ik), which is re-
corded as the FID. Upon Fourier transformation, the integral
of both lines yields (o-ik)), and its magnitude corresponds to
the predictability P;.

Figure 6 shows the measurement of the predictability P,
on PCHCI; for two specific examples: the product state

1 0 .0
[®(6)) = {?(|0>1 + |1>1)] ® {COS 510); +sin _|1>2]
V2 2 2
and the entangled state

1 1
|¥(6) = 3{|O>1 ® {\V_E(|O>2+ |1>2)}

0 0
1) ® -0 in —|1 .
+[1) [COSZ| >2+sm2| >2}}

B. Distinguishability

In a bipartite system, the which-way information for par-
ticle k can be optimized by first performing a projective mea-
surement on particle j(j # k). For this measurement, we first
have to choose the optimal ancilla observable W;”p ", Accord-
ing to Englert’s quantitative analysis of the distinguishability

PHYSICAL REVIEW A 72, 052109 (2005)

Predictability Pz

FIG. 6. Experimental meaurement of the predictability P, for
|®(6)) (denoted by O) and |¥(6)) (denoted by ). The solid lines
are the theoretical expectations. The insets are, respectively, the
experimental spectra at 6=0,7/2, 7.

[10], we start by writing the quantum state |®) as the sum of
two components corresponding to two paths of qubit k:

|®>=ak+|0>k|m+>j+ak—|1>k|m—>j- (33)

Each component is coupled to a different state of qubit j:

Y1 Yi+k
|m >.=—|0>.+—|1>.,
" a7 oa
Ya- Y-
Im_); = ==H0);+ = 1);. (34)
aj._ ap_

The coefficients a,, are

.
A+ = \“'|71|2+ V14 :

>

R
= | yaadl* + 1l (35)

A suitable measurement is performed on qubit j to make
qubit k acquire the maximal which-way information. To de-
termine the most useful ancilla observable, we write it as

Wj:I; .. The probability that the ancilla observable finds
eigenvalue \ differs for the two component states:

p+()\) = a]%+< (»//)\|(|m+>j<m+|j) | lv[/)\> 5

p-(N) = @i {gn|(m_y(m_|))| 4. (36)

where ¢, is the corresponding eigenvector.

The distinguishability D, for qubit k is obtained by maxi-
mizing the difference of the measurement probabilities for
the two components,

D, max{E paV) —p_<x>|}. 37)
A

Using the notation
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Distinguishability 02

0 /4 w2 3n/4 T
8

FIG. 7. Experimental meaurement of the distinguishability D,
for |®(6)) (denoted by O) and |¥(#)) (denoted by ). The solid
lines are the theoretical expectations and the dotted line is the the-
oretical expectation of the predictability P, for [W(#)). The insets
are, respectively, the experimental spectra at =0, /2, .

-

|m¢><m¢| = 7711 1o, (38)
where m, are vectors on the Bloch sphere, we write
Dy =max{|b - [a} i, —a’m_]|}. (39)

Clearly the maximum is reached if the two vectors b and
[ai,m,—a; m_] are parallel. Since b has unit length, the dis-
tinguishability becomes

Dy =|la} i, —aim | =\1-2a @’ (1 +m, -m.).
(40)

Combining Egs. (20) and (40), we obtain the complementa-
rity relation (3), i.e., Dz+ Vi:l for k=1,2.

For the experimental measurement, we first have to per-
form a “measurement” on the ancilla qubit j, using the opti-

mal observable Wj=b-c?j. This is done by applying a unitary
transformation R to rotate the eigenbasis {|¢)\)j} of the ob-
servable W}”” " into the computational basis {10);,]1);} [32].
The subsequent field gradient pulse destroys coherence of
qubit j [33], as well as qubit k and joint coherences (=zero
and double quantum coherences). After this ancilla measure-
ment, the distinguishability D, can be measured by a readout
pulse, detection of the FID, Fourier transformation, and tak-
ing the sum of the magnitudes of both resonance lines.

Figure 7 shows the observed distinguishability D, for the
states |®(6)) and |W(6)). From Eq. (39), we find the optimal
observable W(l”” T O'il) for |®(#)), and sin(x)o-il)
+cos(;<)0§l) with k=arctan[—sec(7/4—60/2)] for |V(6)).
Therefore, the transformation R was realized by the NMR
pulses [7/2]_,, and [k];_,. As there is no entanglement in
the state |®(6)), D,="P,, while for the entangled state |¥(6))
we find D,>P,. The experimental data also satisfy the rela-
tion D3="P3+C? of Eq. (9).
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V. COMPLEMENTARITY RELATIONS FOR BIPARTITE
SYSTEMS

With the same experimental scheme we now explore the
complementarity relations for bipartite quantum systems. Be-
tween the single-particle visibility V), [see Eq. (20)], the two-
particle visibility V;, [Eq. (25)], and the predictability P,
[Eq. (32)], we can verify that the relation

VL+VI+Pi<1 (k=1,2), (41)

holds in a pure bipartite system for any experimental setting
and measurement basis.

If the initial state |@) has only real coefficients 7,
the inequality becomes an equality. In this case, the two-
particle visibility V;, becomes equal to the concurrence C,
Vi,=C=2|y,y4—¥,7;|. However, when the coefficients
v; are arbitrary complex numbers, the two-particle visibility
V), can be smaller than the concurrence, Vj,<C. As a spe-
cific  example consider |@)=-0.3/00)-0.2¢">™3|01)
+0.8¢723|10)+0.4796¢=™12|11). Using symmetric beam
splitters and the measurement basis {|0),]1)}), we find
V1,=0.1627 and C=0.2110, i.e., V|, <C.

By the Schmidt decomposition [34], any pure state |O)
can be transformed into one with real coefficients by local
unitary operations. Therefore, one can design a different ex-
periment using beam splitters that implement the transforma-

. ; e s . .
tion eaw/2(o, cos &roysin &) ingtead of the symmetric one

L) ) . . .
e™49," In this case, the single-particle transducers imple-
ment the operation

U8 & ) = ew20 cos v sin 0 miti2al? (4

instead of U(¢,) in Eq. (10). Note that the single-particle
character S; [Eq. (7)] is invariant under local unitary trans-
formations though its constituents V, and P, are not. By
defining the maximal visibility V12=maX{ak,§k}{V12(ak’gk)}’
we obtain V;,=C and

Vh+Si=1 (k=1,2). (43)
This shows that the complementarity relation (8) in the
equality form is fulfilled for any pure bipartite system. An
alternative way is to keep the symmetric beam splitters and
change the measurement basis. One can always choose an
optimal basis which consists of the eigenvectors of an ob-
servable W=W,; ® W, that maximizes the visibility V,, i.e.,
Vip=maxy{V1»(W)}=C. Being invariant under local uni-
tary transformations, this maximal two-particle visibility V,
(= concurrence C) is a good measure of the bipartite prop-
erty encoded in the pure state.

In a pure bipartite system, the complementarity relation
(43), together with the identity V;,= C and the definition (7)
of the single-particle character S, offers a method for quan-
tifying entanglement in terms of the directly measurable
quantities, in this case visibilities, predictability, and distin-
guishability. In this section, we experimentally explore these
complementarity relations for the states
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TABLE 1. The various quantities involved in the complementarity relation for the family of states

| 6,,6,)) in Eq. (44).

. R . I S .
Particle & ¢ = Vs Sk, b I
IN’
. H s(—‘T-l Y T
1 §cns{y%&’ ’ I ;sn.n(,gl—.z—”i){
. T
9 s 21_2}‘ £~.m\ ‘Hnw( 1 - se;inQ(&%ﬁ“ (::{.}ﬁﬁgf.%ﬂ&;
: <m«3’4——3)ms{—1—ﬂ-’~\1 v c -

| (91,92»— [|O>| (COS %|0>2+Sin%|l>2)+|1>l

® (cos &|O>2 +sin &|1>2>} (44)
2 2
by preparing the state in the nuclear spins of molecules, and
measuring the visibilities, predictability, and distinguishabil-
ity by NMR according to the procedure outlined above.
Table I lists the theoretical expectations for the various
quantities involved in the complementarity relation for this
state. The single-particle character S and the concurrence C
(= the maximal two-particle visibility V,) satisfy the duality
relation of Eq. (43). For the state |/ 6;,6,)) [Eq. (44)], the
maximal two-particle visibility V|, is obtained from the ex-
perimental visibility V), by setting the measurement basis

dictabilities for the two particles are qualitatively different,
P, # P,, which results in Vi+V3,=1, whereas V3+Vi,<1.
The special case with 6;+6,=m was discussed in detail
in Ref. [20]; in that case, both predictabilities vanish,
P,=P,=0. However, V3,+V{+Pi=1 and D{+V;=1 are still
satisfied for k=1 or 2.

To verify these relations, we used an experimental proce-
dure similar to that discussed in Sec. III B. To prepare the
state |/ 6,,0,)) from the pseudopure state pg,, we used the
following NMR pulse sequence:

{311
—| |7
2 w

aa ! aa 2
|¢,(01,02)>:|:5:|7T/2|:5:|7T

0, + 02]2
2 377/2-

60,-6,
2a]

(45)

evolution by inserting two 7 pulses on one of the two qubits
before and after the evolution period of |6, — 6,|/27J.

We measured the visibilities for the state |(6;,6,)) by
first scanning ¢, while fixing ¢, to 7/2, then repeated the
experiment with fixed ¢; and variable ¢,. This provides the
maximal probabilities Pyay min(|*)1y)2) of the “corrected”
joint probabilities, which occur at (¢, $,)=(nm+7/2,mm
+’7T/2) for |¢(01 s 02)>

As a specific example, we present the experimental results
for |(6;,6,)) with 6,+6,=m/2. The resulting interference
fringes were closely similar to those shown in Fig. 5. Using
the procedure described in Sec. III B, we extracted the rel-
evant visibilities V, and V|, from the experimental data. The
visibilities and the predictability were measured as a function
of 60, varying from —m/4 to 3m/4 in steps of m/8. The
single-particle character S;= \s"Vi+Pi and the two-particle
visibility V;, from these experiments are displayed in Fig. 8,
together with plots of the theoretical complementarlty rela-
tions (solid curves) indicating Vi,+S;=1 for the pure two-
qubit states. A fit of these data to the equation x’+y*=r?
resulted in an amplitude r=0.98+0.01 for the data of Fig.
8(a) and 0.97+0.01 for the data of Fig. 8(b).

For the quantitative measurement of the distinguish-
ability Dy, the optimal observable W(”p " for |(6;,6,)) is a

spin  operator parallel to b= (smK,O,COSK) with «
=(6,+ 6,—m)/2 for D, in agreement with Ref. [16], and «
=arctan(—cot[ (0, + 6,)/2]/sin[ (6, - 6,)/2]) for D,, according
to the analysis of Sec. IV B. The transformation R; was re-
alized by a [K:|37T/2 pulse. Figure 9 compares the measured
values of the single-particle visibilities V) and the distin-
guishabilities Dy, to the theoretical complementarity relations
(solid curves) D+ Vi=1. The fitted values of the amplitude r
are 0.99+0.01 for the data in Fig. 9(a) and 0.98+0.01 for

FIG. 8. (Color online) Experimental verifica-
tion of the complementarity relation V%2+Sf=1
in a pure two-qubit system: (a) for qubit 1 and (b)
for qubit 2. Solid curves represent the theoretical
complementarity relation of single-particle char-
acter S, versus two-particle visibility V,. Experi-
mental results are indicated by circles.

When (60,—6,)/2mJ is negative, we generate the required  Fig. 9(b).
(@) (b)
1 1
0.8 0.8
0.6 0.6
] N
= ~
04 8 04
02 02
&
0 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
51 32
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(a) (b)
1 1
08 0.8
FIG. 9. (Color online) Experimental verifica-
0.6 0.6 tion of the complementarity relation of D,f+ Vf
a Q" =1 in a pure two-qubit system. (a) for qubit 1 and
0.4 0.4 (b) for qubit 2. Solid curves represent the ideal
d complementarity relationship, while experimental
02 02 results are indicated by circles.
ol
0 0
0 02 04 06 08 1 0 02 04 06 08 1
Y% v,
In Fig. 10, we compare two independent ways for i,j,k,...,m. According to the generalized concurrence for

measuring the concurrence C, either through the two-particle
visibility V;,, or through the single-particle quantities,
as VD%—P%. Both data sets are plotted against 6, together
with the theoretical concurrence C. The figure shows clearly
that the two procedures give the same results, within experi-
mental errors. Apparently, both methods allow one to experi-
mentally determine the entanglement of pure two-qubit
states. At the same time, the data verify the complementarity
relation (5).

In these experiments, the maximal absolute errors for the
quantities Vj, V|,, and P, were about 0.1. The error is pri-
marily due to the inhomogeneity of the radio frequency field
and the static magnetic field, imperfect calibration of radio
frequency pulses, and signal decay during the experiments. A
maximal experimental error about 6% results for the verifi-
cation of the complementarity relations. If we take into ac-
count these imperfections, the measured data in our NMR
experiments agree well with the theory.

VI. MULTIQUBIT SYSTEMS

To generalize the complementarity relation (5) to multi-
qubit systems, we consider a pure state | with n qubits

16

0.8

0.6

0.4

Concurrence C

0.2

3n/4

FIG. 10. (Color online) Measured concurrence from the experi-
mental values of V;, (denoted by V) and \s“’D,%—Pi (denoted, respec-
tively, by O and [ for k=1 and 2) verus ;. The solid curve rep-
resent the theoretical concurrence C=|sin(6,—/4)|.

pairs of quantum systems of arbitrary dimension by Rungta
and co-workers [35,36], we calculate the bipartite concur-
rence Cy;j. . ) between qubit k and the system with the re-
maining n—1 qubits (ij, ... ,m) in terms of the marginal den-
sity operator py

R
Ciijo...my = V2[1 = Tr(p;)]. (46)

In terms of the single-particle character S, [Eq. (7)],
and using Tr(p; =%(I+Si), we obtain the complementarity
relation

C/%(ij,...,m) +S;=1. (47)

This is a first generalization of the tradeoff between indi-
vidual particle properties, quantified by S;, and the bipartite
entanglement Cy; ., to many particle systems. It implies
also the relation E?:][Cz(ij,_mmﬁSi]:n derived by Tessier
[26].

To characterize the pairwise entanglements of qubit k with
the other qubits, we sum over the squares of the concur-
rences of all two-partite subsystems involving qubit &,

=2 C.

JjFk

(48)

Here, the concurrence Cy; is defined in terms of the marginal
density operator py; for the kj subsystem, using the definition
of Cpy)=max{\;—N,=N3—N,,0}, where \,(i=1,2,3,4) are
the square roots of the eigenvalues of pk_]-(aik)agl ))pzj(crg‘)ag’) )
in decreasing order [28,29]. S '

We now specialize to pure three-qubit systems. Here, it is
possible to specify three-partite entanglement by the 3-tangle
7 [37] as

T = C/%(fj) - Ci- Ciy (49)
Combining Eqs (47)—(49), we find a complementarity be-
tween single-particle properties S;, pair-wise entanglement
T(Zk), and three-partite entanglement 75, which is valid for

each individual qubit:

(k)

T+ 1Y+ Sp=1. (50)

For specific examples, we have listed in Table II different
three-qubit states and calculated the one-, two-, and three-
qubit quantifiers appearing in Eq. (50). As can be verified
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TABLE II. Some examples for the complementarity relation 73+7,

PHYSICAL REVIEW A 72, 052109 (2005)

(k)+S,%=1 in a pure three-qubit

system.

Class T3 ’rék) §2=V2+ P2
Product states g 0 1
Bipartite entanglement 0 0,(k=r) Lk =r)
[rmas) = 10), (0 00} 4 a2 (11, | | dfarasf (k= 5,0) | (aaf? — faal®)? (k = 5.
W states 2 2 2,2

0 4 lagas; agl® — 3 las)°)

WY = ag [001) + aa |010) + ag |100) 3% k] (e i#k los]
C:I‘Iér‘st;mes , ’ 4 gulaﬁp 0 ([algﬁ _ E(?Q'Q}Q
I(GHZ = a1 [000) + a2 [111)

from the table, these states satisfy Eq. (50) in different ways.
The product states of the first entry only have single-particle
character. As discussed by Diir er al. [38], the states listed in
the second entry represent bipartite entanglement between
the second and third qubit, while the first qubit is in a prod-
uct state with them. The GHZ states are pure three-particle
entangled states, while the W states exhibit no genuine three-
particle entanglement, but two- and one-particle properties.

Since there is no generalization of the 3-tangle to
larger systems, we can only speculate here if it is possible to
extend the relation (50) to more than three qubits. On a heu-
ristic basis, we consider two types of pure n-qubit systems.
One is a generalization of the GHZ states to n qubits:
|GHZ,)=a;|0)*"+a,|1)®". This is a state with pure n-way
entanglement, i.e.,

2 T$)=Oforl<m<n

Tn:4|ala2

SI% = (|a1|2 - |a2|2)2,

(51)

where T’(:) denotes the pure m-tangle regarding qubit k. Here,
the m-tangle denotes m-way or m-party entanglement that
critically involves all m parties, which is different from the I
tangle in Ref. [35,36] and a recently introduced measure of

multipartite entanglement defined by C(zn):Tr(pﬁ) with a

spin-flip operation p=o""

y pO';@” by Wong and Christensen
[39]. Currently, there is no general way to measure this form
of entanglement beyond three qubits.

The W states of Table II may also be generalized to n
qubits as |W,)=a,[100...0)+a,|010,...0)+as5|001,...,0)
+++-++a,/000...1). These states exhibit the maximal bipar-
tite entanglements and no other m-way entanglements, i.e.,

TE,IZ) =0for2<m=n, =2, 4|akaj|2
J*k

2
$2= (|ak|2 -3 |a,-|2) .

Jj#Fk

(52)
In these two cases the complementarity relation generalizes
to Efnzzﬁf)+52: 1.

VII. CONCLUSIONS

Complementarity is a universal relationship between
properties of quantum objects. However, it behaves in differ-

ent ways for different quantum objects. The purpose of this
paper was to analyze the different complementarity relations
that exist in two- and multiqubit systems and to illustrate
some of them in a simple NMR system.

We experimentally verified the complementarity
relation between the single-particle and bipartite properties:
C2+S,%=1 in a pure two-qubit system. To determine the en-
tanglement, we used either the two-particle visibility V,, or
the distinguishability D, and the predictability P,. Accord-
ingly, two complementarity relations: V%2+ Vi+P§=1 and
D;+Vi=1 were tested for different states including maxi-
mally entangled, separable, as well as partially entangled (in-
termediate) states.

Furthermore, the complementarity C2+S£=l between
one- and two-particle character was generalized to systems
of n qubits. The complementarity relation C,%(ij’_“,m>+5i=l
holds for an arbitrary pure n-qubit state, which implies a
tradeoff between the /ocal single-particle property (S,%:V,f
+P,§) and the nonlocal bipartite entanglement between the
particle and the remainder of the system (Cz(ij’”_’m)). More

interesting, in a pure three-qubit system, the single-particle
character (S,%), the two-particle property regarding this par-
ticle measured by the sum of all pair-wise entanglements
involving the particle (T(zk)), and the three-particle property
measured by the genuine tripartite entanglement (73) are
complementary, i.e., T3+T(2k)+Si=1. However, the generali-
zation of the similar relationship to a larger-qubit system
requires the identification and quantification of multipartite
entanglement for pure and mixed states beyond three-qubit
systems that still remains an open question currently. A simi-
lar relationship cannot be directly generalized to larger qubit
systems. Some specific samples might be helpful to conjec-
ture the relation EZ=2T$)+S/%= 1: the single-particle property
(local) of a particle might be complementary to all possible
pure multiparticle properties (nonlocal) connected to this
particle.

Complementarity and entanglement are two important
phenomena that characterize quantum mechanics. From
these observations, we conclude that entanglement in its
various forms is an important parameter for the different
forms of complementarity relations in multipartite systems.
Different forms of entanglement quantify the amount of in-
formation encoded in the different quantum correlations of
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the system, indicating the multipartite quantum attributes.
These results have also implications on the connection be-
tween entanglement sharing and complementarity and maybe
in turn provide a possible way to study the entanglement in
multipartite quantum systems by complementarity. We hope
that these findings will be useful for future research into the
nature of complementarity and entanglement.
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