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Experimental realization of 1—2 asymmetric phase-covariant quantum cloning
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While exact cloning of an unknown quantum state is prohibited by the linearity of quantum mechanics,
approximate cloning is possible and has been used, e.g., to derive limits on the security of quantum commu-
nication protocols. In the case of asymmetric cloning, the information from the input state is distributed
asymmetrically between the different output states. Here, we consider asymmetric phase-covariant cloning,
where the goal is to optimally transfer the phase information from a single input qubit to different output
qubits. We construct an optimal quantum cloning machine for two qubits that does not require ancilla qubits
and implement it on an NMR quantum information processor.
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I. INTRODUCTION

Among the main differences between quantum and clas-
sical information is the fundamental impossibility to exactly
duplicate an unknown quantum state. This was established
by the no-cloning theorem of Dieks [1] and Wootters and
Zurek [2]; for a review, see Ref. [3]. While exact cloning is
thus impossible, it remains an important goal to approxi-
mately clone quantum states. This possibility, which is par-
ticularly important for quantum communication and cryptog-
raphy, was first discussed by BuZek and Hillery [4], who
showed that it is possible to create copies (approximate
clones) of unknown quantum states with a quality that does
not depend on the initial state.

Approximate cloning can be optimized in different ways.
In so-called asymmetric cloning, the amount of information
transferred from the input state to the copy is an adjustable
parameter. The quality of the copy and the distortion that the
cloning process causes on the original system both depend
on this parameter: If the quality of the copy increases, the
distortion of the original necessarily increases simulta-
neously [5-8]. This is quantified by the fidelity of the two
output systems, which is defined as the overlap of these
states with the input state. This tradeoff relates, e.g., the
amount of information that an eavesdropper can extract from
a quantum communication channel to the error rate of the
transmitted information [9].

Asymmetric quantum cloning was first proposed for
copying a single qubit to a single-copy qubit [6], and subse-
quently extended to arbitrary dimensions (including the con-
tinuous case) [10,11]. An implementation of universal asym-
metric cloning in an optical experiment was proposed locally
[12] and at a distance [13]. An experimental realization of
1 —2 asymmetric cloning was reported by Zhao er al. [14]
using two entangled photon pairs.

The quality of the cloning can be improved if the initial
state is restricted to part of the full Hilbert space. An example
of this state-dependent cloning is phase-covariant cloning
[15], where the input state is an equal-weight superposition
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of two basis states. The goal is then to optimally clone the
state in such a way that the phase information is conserved.

In this paper, we construct a two-qubit quantum logic cir-
cuit that implements the optimal asymmetric 1 —2 phase-
covariant cloning [15] for arbitrary input phase. Our cloning
machine does not require any ancilla qubits and uses only
two gate operations. The cloning process is implemented ex-
perimentally in an NMR system, using nuclear-spin qubits.
For the gate operations we use controlled geometrical phase
gates and demonstrate the trade-off in fidelity for the two
output qubits.

II. CLONING SCHEME

In the following, we consider phase-covariant cloning: the
original qubit to be cloned is in an equal-weight superposi-
tion of the two basis states,

D= ~=(10) + ¢#]1)). (1)
\2

with an unknown phase difference ¢. We clone this state
onto a second qubit that is originally in state |0). The cloning
is accomplished by a unitary operation acting on the initial
product state |1);,]0) [16]. The operation can be specified by
its effect on the two orthogonal initial states [00) and |10),

100y — [00),
|10)—>cosg|10)+sin g|01>, )

or by its matrix representation

I 0 0 0

o o
0 0 sin(—) cos(—)
2 2
0 O cos|—| —sin|l—
2 2
0 -1 0 0

This operation is equivalent (up to local operation and
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phases) to CROT;,CNOT,, (CROT denotes controlled rotation
gate and CNOT denotes controlled-NOT gate), and the rotation
angle « can be used to adjust how much information is trans-
ferred to the second qubit.

After the cloning operation, the partial density operators
for the two qubits are

L, 1o
1+sin“— e '¥cos —
2 2
pa_2 . a L, ’
e'?cos — 1—sin” —
2 2
28 o &
1+cos”— e '?sin—
1 2 2
Pr=7 (4)
2 o« , a
e%sin— 1-cos”—
2 2

The state overlap between the original and the two output
qubits are

o
1+cos —
Fa = Tr(pa| ¢>im'< l;b|im‘) = T ,
L«
1+ sin 5
Fp = Tr(pp| )il i) = Y Q)

The choice of the angle « thus determines how much infor-
mation is transferred from qubit a to qubit b: For a=0, the
overlap of qubit a with the initial state is 1, while the overlap
of the copy qubit is just the random value % When a=7, we
obtain the case of optical symmetric cloning, with F,=F)
=(.85355, which has been shown to be the optimal value for
symmetric phase-covariant cloning [15]. For a= 1, the infor-
mation is transferred completely to the copy qubit, with F,,
=1.F,=1.

Compared to the logic circuit of the symmetric cloning
machine proposed in Ref. [17], this scheme needs fewer
logic gates. We therefore expect it to perform better in prac-
tice, being less affected by experimental imperfections, such
as errors in rotation angles of radio-frequency pulses.

III. GEOMETRIC PHASE GATE

Geometric quantum phases [20-23] have the remarkable
property that they depend only on global parameters (e.g.,
the area of a circuit) and are therefore not sensitive to some
local variations of the trajectory. It was therefore suggested
that quantum gate operations using geometric gates may be
less susceptible to experimental imperfections and therefore
yield higher fidelity [19,24-33].

We therefore used geometric phase gates to implement the
two controlled-gate operations required for the cloning op-
eration (3) (see Fig. 1). We first discuss the relevant opera-
tion for a single qubit and then extend the procedure to the
controlled operations.
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FIG. 1. Quantum logic circuit for our optimal asymmetric quan-
tum phase-covariant cloning machine. Qubit a is the one to be
cloned, initially in the state |#);,;, while qubit b is the blank one,

which is initially in state |0). The unitary operation U, denotes
R,(a) and U, denotes R, (—).

A. Single-qubit gate

Within the two-level system, we consider two orthogonal
states |¢,) and |#_), which undergo a cyclic evolution de-
scribed by the operator U(7): U(7)|i.)=e*"|i),). The param-
eter 7y is thus the total phase difference of the two states
acquired during this circuit.

In the computational basis (|0),
be written as

1)), the cyclic states can
|ih,) = cos )E(|O> + €' sin §|1>,

X i X
) = sin X]0) - ¢ cos A1),
l) 51n2| Y—e cosz| )

where (x, ¢) are the spherical coordinates of the state vector
on the Bloch sphere. For an arbitrary input state |;,)
=a,|y,)+a_|p.) with a,=(i.| ), after the cyclic evolution
for the |¢,) state, the output state is |¢,,)=U(y,x,®)| &),
where

i X _iv -2 X
eV cos? & + e sin? &

5 ie™'® sin ysin x

v 2 X _ X
esin? £ + e cos? =

ie'? sin ysin x 5

(6)

This operation becomes a purely geometric gate operation if
the dynamic contribution to the total phase 7y vanishes.

In the experiment, we use a nonadiabatic geometric phase
and transform the input states along geodesic circuits on the
Bloch sphere, as shown in Fig. 2. Here, the cyclic states are

1 , ~ Loy
|¢+>=E(|0>+l|1>), |¢_>—\E(I0> 1)),

i.e., y=¢=7. For the circuit shown in Fig. 2, the solid angle
subtended by the circuit is equal to «, the rotation angle
during the second part of the circuit. The geometric phase
becomes thus y=-%.

For the circuit of Fig. 2, we may substitute the above
values for y, ¢, and y. The propagator becomes then

o L«
cos — sin —
a T T 2 2

U I . (7)
222 Y a
—sin — cos —
2 2
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FIG. 2. (Color online) Cyclic trajectories used in the experi-
ment. |¢,) is transported along the path A-B-C-A, and |¢_) is trans-
ported along the path A’-B'-C"-A’.

B. Controlled operations

We now apply this geometrical gate to controlled opera-
tions in a two-qubit system where qubit a is the control qu-
bit, while qubit b undergoes the geometric circuit if qubit a is
in state |1) but remains invariant if the control qubit is in
state |0).

The Hamiltonian of the two-qubit system is (in angular
frequency units)

H= o+ oI’ + 27 (8)
For the subsystem of qubit b, we can write the reduced
Hamiltonian

H,= oI’ +2mIml’ = {w —277](d”— 1)}#’
b — Wpi; 7tz b 2 72

where m] is the eigenvalue of I7 (=i%) and d“ the corre-
sponding computational value (=0, 1).

If we use a rotating frame with a frequency of w,=w,
+rJ, the Hamiltonian vanishes for d“=0, HE)O)=O, while it
becomes H(bl)=—27TJIf for d*=1.

This Hamiltonian generates controlled rotations around
the z axis. To generate the trajectories of Fig. 2, we rotate the
rotation axis using radio-frequency pulses. To generate a g
rotation around the x axis, e.g., we use the sequence

(5)-5-#-3)
R\—]|—>——R\-—],
\2 4] ) 2

where the notation for the rotations is R%“" (angle), and b
stands for free evolution under the control Hamiltonian for
the duration T=$. The circuit of Fig. 2 is thus generated by

the sequence

{5) - g #l-5) el 5) - 55
R|—)]———R|-—]|—=R|\-——|—|—
\2 4] N2 "\ 2 2]

o[ T b T 1 b T
—R\Z|—=R|\-a-=|———=R|a+—_].
2 ’ 2 4J J 2
9)

This represents the first gate operation of Fig. 1. For the
second operation, we have to reverse the roles of control and

PHYSICAL REVIEW A 75, 012317 (2007)

target qubit and apply the following sequence to qubit a:

{5) g ml-5) el3) -5l 5)
R\—-]|—>——=R|-—|—>R|-|—>——R|\-—
\2 4J M\ 2 "\ 2 2J 2

—>R?<7—T>—>L—>R“(—7—T>, (10)
N\2) T4 T2

now setting the rf frequency to w,+mJ.

IV. NUCLEAR MAGNETIC RESONANCE
IMPLEMENTATION

For the experimental implementation, we used the two
nuclear spins of '*C-labeled chloroform as qubits. The sys-
tem Hamiltonian corresponds to Eq. (8) with a spin-spin cou-
pling constant J=214.5 Hz. Experiments were performed at
room temperature on a Bruker AV-400 spectrometer.

The system was first prepared in a pseudopure state |00)
using the method of spatial averaging [18] with the pulse
sequence

1
R (m/3) — G, — Rb(m/4) — Y R)(/4) — G,

(1)

which is read from left to right (as the following sequences).
The rotations R¥" (angle) are implemented by radio-
frequency pulses. G, is a pulsed-field gradient, which de-
stroys all coherences (x and y magnetizations) and retains
longitudinal magnetization (z magnetization component)
only. ZLJ represents a free precession period of the specified
duration under the coupling Hamiltonian (no resonance off-
sets).

From the state |00), we prepared the initial state %(|O)
+¢'?|1)) ® |0) by rotating qubit a (the '*C nuclear spin) into
the xy plane. Experiments were done for ¢="" (n
=0,1,2,3). For each value of ¢, we performed the cloning
operation, using the geometric gate operations (9) and (10)
for different asymmetry parameters c.

To experimentally determine the fidelities (6), we need the
density operators of the initial state of qubit a and the final
states of both qubits. For this purpose, we parametrize the
density operators as

1 >
==(1+r-1),
p 2( r-1)
where r=(x,y,z) is a Bloch vector. The fidelities (6) are then
1 - o .
F;=Tr(pop;) = 5[1 +(rg-1)] (i=a,b).

For the initial state (/1:%(|0>+ei“’|1>), we have 7,
=(cos ¢, sin ¢,0) and the fidelities become

1
Fl-=5(1+cos ©x; + sin @y;). (12)

The transverse components x;, y; can be measured as the
transverse magnetization components of the free induction
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FIG. 3. Experimentally observed NMR spectra of B¢ chloro-
form before and after a quantum cloning operation. The original
state was an equal-weight superposition with equal phases (¢=0),
shown in the top row. The middle row shows the resulting spectra
for a symmetric cloning operation (a=7/2), and the bottom row
shows the result of an asymmetric cloning operation (a=2/3).
The left-hand column holds the input qubit and the right-hand col-
umn shows the copy qubit.

decay. To perform the trace over the other spin, we can either
apply a decoupling field to the other spin or integrate over
the two lines in the spectrum. For the present experiment, we
chose the second possibility.

V. EXPERIMENTAL RESULTS

Figure 3 shows a typical example of a cloning operation.
The input qubit (qubit @) was initialized into a pseudopure
state %(|0)+|1)), as described in Sec. IV, using the phase
angle ¢=0, and the target qubit was set to |0). This state
corresponds to transverse magnetization of spin a and is
therefore directly observable in the NMR spectrometer. The
upper row of Fig. 3 shows the Fourier transform of the mea-
sured free induction decay (FID) of the '*C signal. Only one
of the two resonance lines is observable, indicating that the
target qubit is in the state |0).

The middle row of Fig. 3 shows the corresponding spectra
after a symmetrical cloning operation, with the propagator of

Eq' ( )a
2 \r’ 1 1 '

Integrating the signal for each spin species, we find for the x
components x,=0.667 and x,=0.682, in good agreement
with the theoretical values of x,=x,=1/2. The correspond-
ing fidelities are F,=0.834 and F,=0.841 (theoretical values:
0.854).

The bottom row shows the same result for an asymmetric
cloning operation. Here, the rotation angle a was set to
2a/3. As a result, the target qubit has the higher fidelity:
F,=0.758, F,=0.920, again in good agreement with the the-
oretical values of 0.750 and 0.933.
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FIG. 4. Experimental fidelities versus the different parameter «
of the asymmetric cloning machine. The theoretical values of fideli-
ties are plotted as solid lines and the different symbols are corre-
sponding to the experimental fidelities of two qubits with different
angles ¢ of the initial state [1);,;.

Figure 4 shows a more systematic check of the effect of
the rotation angle on the two fidelities. We compare the fi-
delities of both qubits with the theoretical value as a function
of the asymmetry parameter a. The theoretical curve is in-
dependent of the phase of the initial state. Experimental data
were measured for four different initial phases ¢ as a func-
tion of the rotation angle «. All four data sets are in good
agreement with the expectation. The experimental errors
(=0.031), which are of the order of the size of the symbols,
are mostly due to errors in the rotation angles of the radio-
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FIG. 5. Trade-off diagrams in the asymmetric cloning machine,
respectively, for different phase angles ¢ of the initial state |i);,;.
The full line shows the theoretical expectation for phase-covariant
cloning, while the dashed line represents the limiting value for a
universal cloning machine. The different symbols refer to experi-
mental data points for different initial conditions.
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frequency pulses, which arise from the inhomogeneity of the
radio-frequency field. For vanishing rotation, the input qubit
is not disturbed (F,= 1), while the target qubit bears no in-
formation (F,=0.5). For a 7 rotation, the roles of original
and target qubit are reversed, and at a=m/2, both qubits
share the information equally.

This apparent complementarity of the two fidelities can be
quantified. According to Egs. (5), the points (F,,F;) are lo-
cated on a quarter circle whose origin is at (0.5,0.5) and
whose radius is 0.5. Figure 5 verifies this relation. Here, the
experimental fidelities are plotted against each other for dif-
ferent rotation angles « and different initial phases ¢, repre-
sented by the different symbols. All experimental points are
close to the circle representing the theoretical expectation
[34]. The dashed curve in Fig. 5 represents the theoretical
prediction for a universal cloning machine [15]. Evidently,
the theoretical curve for phase-covariant cloning as well as
the experimental data are outside of this range, except for
angles close to 0 or 7, where the information is located on a
single qubit.

VI. CONCLUSION

In summary, we have experimentally realized an optimal
asymmetric 1 —2 phase-covariant cloning machine. As a
function of a continuous-angle variable in the cloning opera-
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tion, the phase information of the input state is transferred to
the two output states such that either the original qubit is
only slightly disturbed (a«—0) or that most of the phase
information is transferred to the second qubit (a«— ). The
case of symmetric cloning is recovered for a=7.

In the case of quantum cryptography, this tradeoff deter-
mines how much information the eavesdropper can gain for a
given disturbance of the transmitted information. The fideli-
ties found for this phase-covariant cloning were higher than
the upper bound for universal cloning.

The cloning was implemented experimentally on an NMR
quantum information processor. For the cloning operations,
we used cyclic rotations of the qubits in such a way that the
system acquired a geometrical phase. This procedure has
been proposed for shielding the gate operation from such
perturbations that leave the area of the quantum-mechanical
trajectory invariant and thereby improve the overall fidelity.
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