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ABSTRACT

Low field NMR is an inexpensive and low footprint technique to obtain physical, chemical, electronic and
structural information on small molecules, but suffers from poor spectral dispersion, especially when
applied to the analysis of mixtures. Subspectral editing employing optimal control pulses is a suitable
approach to cope with the severe signal superpositions in complex mixture spectra at low field. In this
contribution, the use of optimal control pulses is demonstrated to be feasible at a field strength as low
as 0.5 T. The optimal control pulse shapes were calculated using the Krotov algorithm. Downsizing the
complexity of the algorithm from exponential to polynomial is shown to be possible by using a system
approach with each system corresponding to a (small) molecule. In this way compound selective excita-
tion pulses can be calculated. The signals of substructures of the cyclopentenone molecule were excited
using optimal control pulses calculated by the Krotov algorithm demonstrating the feasibility of subspec-
tral editing. Likewise, for a mixture of benzoic acid and alanine, editing of the signals of either benzoic
acid or alanine employing optimal control pulses was shown to be possible. The obtained results are very
promising and can be extended to the targeted analysis of complex mixtures such as biofluids or meta-

bolic samples at low field strengths opening access for benchtop NMR to point of care settings.

© 2021 Elsevier Inc. All rights reserved.

1. Introduction

Low field NMR spectroscopy [1-5] is a portable and inexpensive
spectroscopic technique used to obtain physical, chemical, elec-
tronic and structural information about small molecules [6-11],
as well as large systems such as lipids [12], polymers [12] and even
rigid solids [13]. However, in the case of complex mixtures of com-
pounds such as metabolomics samples, the limited spectral disper-
sion of low field NMR results in severe signal superpositions, that
render the identification and quantification of individual com-
pounds and crystals difficult.

In order to disentangle such complex superposition patterns,
techniques like pure shift NMR [14] and diffusion ordered spec-
troscopy [15] have been successfully applied at low field strengths.
Nevertheless, these approaches suffer from either poor sensitivity
(pure shift NMR) or require pulsed field gradient equipment
(DOSY), which may not be available. We here suggest an alterna-
tive approach based on subspectral editing to cope with the limita-
tions and severe signal superpositions in complex mixture spectra
at low field. Our approach is based on optimal control theory [16-
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18] which offers a convenient way to design selective radio-
frequency pulses for a broad range of transformations. Possible
transformations comprise spin-system selective pulses, that can
be applied to set up subspectral editing experiments [19,20]. For
the calculation of optimal control pulses, numerical simulation
and optimization tools are indispensable. We used the Krotov algo-
rithm [17,18] because it avoids convergence to local extremum
points [17] and enhances the objective functional monotonically
at each iteration [18]. Moreover, the algorithm is well suited for
large spin systems [18] and can be used for broadband optimiza-
tion problems with a large number of spin system parameters. In
this respect, subspectral editing using optimal control pulses
obtained with the Krotov algorithm is shown to be feasible at a
field strength as low as 0.5 T. In addition, we demonstrate an
approach to downsize the complexity of the algorithm, allowing
targeted analysis of complex mixtures (Fig. 1).

2. Theory

In the context of optimal control theory, we focus on systems,
the evolution of which is governed by a Hamiltonian dependent
on external control fields. The dependence of the Hamiltonian on
the control can be complicated, but often it suffices to consider a
simple form such as a linear perturbation of the Hamiltonian
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Fig. 1. Schematic description of the planned metabolite-specific spectral editing employing low field NMR.
H(t) = Hp +Zw"1’<’ (1) trol amplitudes are introduced, while the system Hamiltonians
k are left unchanged. The Hamiltonians (H;) are then used for the for-

where Hp and )", il denote the system Hamiltonian and the con-
trol Hamiltonian, respectively. The control is designed to steer the
system from an initial state to a target state. This optimization
problem cannot be solved directly by analytical means and gener-
ally involves iterative algorithms, one of which is the Krotov algo-
rithm [17,18]. It is based on the maximization of a functional J,
given by

T
]:@—A/ > wi(tyde (2)
0 k

The maximization is actually performed by minimization of —J
[17], where & denotes a penalty factor, T is the total duration of the
pulse and ¥ is the quality factor. For the optimization of a propa-
gator Up, the quality factor is given by

¢ = Tr(U'sU)P 3)

In order to take static and r.f. field inhomogeneity into account
and to calculate a robust Krotov pulse, the quality factor term ¢ of
the optimal control functional can be replaced by a sum >_;¢; over
a range of conditions

T
J =S TR (ULU P - /0 S 0 (t)de (@)
i “ k

where Uy is the desired propagator, U being the adjoint of U and the
U; are the propagators corresponding to Hamiltonians (H;) which
characterize the transformation properties of the robust pulse.
The H; are derived as follows: The static field inhomogeneity (SFI)
is taken into account by the introduction of additional resonance
frequency terms with higher and/or lower resonance frequencies
in the system’s Hamiltonian, while the control Hamiltonian is left
unchanged. On the other hand, in order to take into account
radio-frequency field inhomogeneity (RFI), prefactors for the con-

ward propagation of the U; and the backward propagation of the B;
in every step of the iteration.

In order to reduce the exponential complexity of the algorithm,
which poses a heavy computational burden on calculations of
pulses for more than 8 spins, a system approach was introduced.
The spin system of each chemical compound (I) is considered a
system with a distinct system Hamiltonian (Ho,), a distinct propa-
gator (Up,) to be synthesized and a set of SFI/RFI propagators (Uj;).
The sums over all SFI/RFI conditions then reads

T
J=3 S [T (U Uin) P - / S 0 (t)de (5)
1 i k

where [ starts from 1 to number of SFI/RFI conditions,i starts from 1
to number of compounds in the sample and k starts from 1 to num-
ber of systems.

Further details about the algorithm can be found in the
appendix.

3. Experimental details

We equipped the low field NMR system with a permanent
homebuilt multilayer Halbach magnet with 0.486 T field strength,
resulting in an operating frequency of 21.25 MHz for protons. The
Halbach magnet has a B, homogeneity ofAB—‘zD =10"*ina cylindrical
volume of 1.7 mm diameter and 1.3 mm length (Fig. 2).

The on-board NMR probe is homebuilt and consists of non-
magnetic and multi-turn tuning and matching trim capacitors
(Voltronics Corp., Salisbury, MD, USA) which were employed to
attain resonance at 21.25 MHz. Additionally, the probehead con-
sists of a 12 turns solenoidal micro-coil on a high-resolution glass
capillary with1.7 mm outer diameter (OD) and 1.3 mm inner diam-
eter (ID). The solenoidal coil is made of copper wire of diameter
80 um, has a length of 1 mm and an ID of 1.7 mm. The solenoidal
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Fig. 2. (a) Multilayer Halbach permanent magnet. (b) NMR setup (r.f. shielded thermally isolated box). (¢) The on-board NMR probehead consisting of tuning and matching
trim capacitors, r.f. BNC connection, r.f. solenoid coil, NMR glass capillary (OD = 1.7 mm, ID = 1.3 mm) and ground coupling (GND).

coil has an inductance of 3.6 pH. The probehead elements were
installed on a printed circuit board of glass-reinforced epoxy lam-
inate (RT4) with a double copper layer of 35 um thickness [21]. The
resonance circuit outline and r.f. BNC copper tracks were obtained
on the NMR probehead board using UV lithography. The sweet spot
of the magnet was determined by connecting the NMR probe to a
homebuilt 3D micrometer stage, while another homebuilt microm-
eter stage was used to rotate the entire magnet to improve the
homogeneity. r.f. shielding and fixed temperature were achieved
by placing the NMR setup in a homebuilt metallic box of aluminum
(2 mm wall thickness). The box was thermally isolated using a
formfitting polyurethane foam jacket and supported with a heating
system. The temperature was controlled via a programmable stan-
dalone commercial temperature controller. Mechanical vibrations
>0.6 Hz were suppressed by using an active vibration isolation sys-
tem (Halcyonics GmbH, Goéttingen, Germany), while the ultra-low
vibrations were suppressed by using a passive vibration isolated
table. The portable NMR setup is shown in Fig. 2.

All optimal control pulses were obtained employing the robust
Krotov algorithm with a SFI of 20 Hz and a RFI of 20 percent, as
described in Section 2. The optimal control pulses had a duration
of 11 ms for (600.13 MHz) or 50 ms for (21.25 MHz) and typically
2000 iterations of the algorithm were used to obtain convergence,
resulting in calculation times of 20 min for an INTEL Core i7 system
with 16 GB RAM.

Pulses were calculated in MATLAB, version R2019a. The algo-
rithm used is based on code from literature in reference [18] and

was further developed to include robust pulse calculation, i.e., to
cope with effects of B;- and By- inhomogeneity. The effect of B;-
inhomogeneity on the performance of the OC pulse is discussed
in details in Section 4.1.

The high resolution 'H NMR spectra were measured at a
600 MHz (B = 14.1 T) Bruker AVANCE III spectrometer with a Bru-
ker ASCEND 600 magnet. The probehead employed was a Bruker
PABBO room temperature probe with a broadband channel tunable
from !N to 3'P. High resolution 5 mm borosilicate glass NMR tubes
(Boro600-4-8, Deutero GmbH, Kastellaun, Germany) were used for
measurements at 600 MHz. Data acquisition and processing as well
as data analysis were conducted with the TopSpin 3.2 software
package [22].

4. Results
4.1. Spin editing

The proton NMR hard pulse spectrum of neat cyclopentenone
taken at 600.13 MHz is shown in Fig. 3b. In the high-resolution
NMR spectrum at 600.13 MHz, the multiplets are well resolved,
see Fig. 3a. The same sample was measured with the home-built
low-field NMR at 21.25 MHz (Fig. 3c). The signals at
—1464.85 Hz and —1232.25 Hz at 600.13 MHz appeared as one sig-
nal at 21.25 MHz due to the low resolution: The line width of the
low frequency NMR signal was around 16 Hz. To prove, that this
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Fig. 3. (a) Signal expansions of the NMR hard pulse spectra of cyclopentenone at 600.13 MHz (b) The full spectrum at 600.13 MHz (c) Spectrum at 21.25 MHz measured using

the home-built portable NMR spectrometer.

linewidth is mainly due to field inhomogeneity, an NMR spectrum
of acetic acid NMR has been obtained at 21.25 MHz (data not
shown), employing the same experimental conditions that were
used for the cyclopentenone measurements. The linewidth of the
methyl-group signal of acetic acid was found to be 15 Hz. The
homogeneous linewidth contribution, as calculated from T,, was
around 2.5 Hz, indicating that the contribution of the magnetic
field inhomogeneity is around 12.5 Hz.

The resonance frequencies as well as the coupling constants for
both NMR frequencies are given in Fig. 4. The resonance frequen-
cies at 21.25 MHz were obtained both from the experimental spec-
trum and validated by comparing with the resonance frequencies
obtained by downscaling from 600.13 MHz to 21.25 MHz.

The hard pulse spectrum of cyclopentenone is shown in Fig. 3a,
with the frequency scale set to 0 Hz in the center of the spectrum.
Every stack plot of an optimal control pulse spectrum consists of
two NMR spectra; the upper spectrum is the simulated one while
the lower spectrum is the experimental one. The experimental
spin-spin relaxation time (T,) values for cyclopentenone (650
and 430 ms at 600.13 MHz and 21.25 MHz, resp.) have been used
in the simulations.

Four optimal control pulses were generated by employing the
Krotov algorithm at 21.25 MHz to excite protons in the cyclopen-
tenone sequentially during a series of experiments as indicated
in Fig. 5 (b-e).

The optimal control pulse for the excitation of the coupled
selected protons were calculated in a non-robust way (SFI = RFI =
0) with two control amplitudes corresponding to both phase and
amplitude modulation.

The system Hamiltonian of the cyclopentenone spin system is
given by:

6
Hoe = 210 V1% + ZnZ Z 12T, T
i=1 i=1 K=i+1
=I5 =J5% =0, l*IXva I, (6)
where (H;,i = 1..6) denote the 'H spins. The corresponding reso-
nance frequencies (v?“,i = 1..6) of cyclopentenone are indicated in
Fig. 4. The spin matrices are denoted igf with i=1..6and

1= (Iy, Iy, L).

The calculation was run as a state-to-state transfer with the ini-
tial and target operators for all spins chosen as follows:
The initial operator is given as follows

6
i => 1 (7)
i=1
Target operators (TOg°, TO?*, TOJC, TO$° and TOZ*) to generate
optimal control pulses (0, 1, 2, 3 and 4) to excite proton group0
(H1,H,,H3,Hs,HsandHs  in  Fig. 5a, hard pulse), groupl
(H3,H4,HsandHg in Fig. 5b), group 2 (HyandH,in Fig. 5c¢), group3
(Hy,Hs3,H4,HsandHg in Fig. 5d) and group 4 (H,,Hs,H,, HsandHg
in Fig. 5e) were chosen as in Eqgs. (8)-(12).
By introducing the abbreviations: I7’* = ZiandI?” = X;, and skip-
ping the sum sign, the target operators can be written as follows.

TOY = X, X2X3X4X5Xs (8)
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Fig. 4. Visualization of the signal assignments and the coupling network of cyclopentenone. Numerical values are given in the table below.

TOY = Z,2,X:XaX5Xs (9)
TOY = X1X,Z5Z47576 (10)
TOY = X1Z,X3X4XsXs (11)
TOY = Z,X2X3X4XsXs (12)

The quality factor of the calculation (U denotes the calculated
pulse propagator) for e.g., the excitation of the signals of the proton
group 1 is given by:
= real(Trace(To’1 Ulgfu’)) (13)

The imaginary part is zero within the limits of precision of the
calculation.

An excitation factor (EF) has been introduced to quantify the
magnitude of the excited (wanted) signal after applying the opti-
mal control pulses with respect to the full excitation using a hard
pulse; the ideal excitation factor should be equal to 1. Likewise, a
suppression factor (SF) serves to quantify the magnitude of the
suppressed (unwanted) signal with respect to the same signal that
is excited with a hard pulse; the ideal suppression factor should be
equal to zero. EF and SF are included in the plots (Fig. 5) providing

direct information about the quality of the optimal control pulses
in excitation of the wanted signal and in suppression of the
unwanted signal for experimental data.

Fig. 6 shows the amplitude and the phase of the calculated OC
pulse for the excitation of the (Hq,Hs, Hs, HsandHg) proton groups
in cyclopentenone. Remarkably, there is a 2*pi jump of the phase at
times below 2.5 ms. A smoothing procedure [18] was introduced to
deal with this jump in phase by using an FT of the control ampli-
tude vectors, setting the high frequency components to zero and
then performing an inverse FT to return to the control amplitudes.
We found that the performance of these smoothed pulses is much
poorer than the performance of their unsmoothed counterparts.
For this reason, we decided to use unsmoothed pulses throughout
this investigation. (SEE Fig. 7.)

The magnitude variation of the targeted signal as a function of
the power of the excitation pulse was measured to characterize
the effect of B;- inhomogeneity on the performance of the pulse.
The chart (Fig. 8 (a-c)) shows the performance of an OC pulse for
cyclopentenone that is acting on group2 spins which is to suppress
the signals of (Hs3,H4,Hs and Hg) and to excite the signals of (H;
and H;) as a function of the OC pulse power.

The targeted signal can still be excited with 90% of its nominal
amplitude at power levels that are 10% lower or higher than the
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Fig. 5. Simulated (upper spectrum of every stack plot) and experimental (lower spectrum of every stack plot) 'H NMR spectra (21.25 MHz) of cyclopentenone generated by
(a) a hard pulse and the simulated and the experimental spectra using optimal control pulses to excite (b) group1 (H3,H4,Hs and Hg), (c) group 2 (H;and H,), (d) group3

(H1,Hs,Hs,Hsand Heg) and (e) group 4 (H,,Hs,Hs, Hs and Hg).

optimum power level. The suppression of unwanted signal, on the
other hand, fails completely at power levels 10% higher or lower
than the nominal one. Additionally, OC pulses worked just on res-
onance, i.e., even slight deviations of the transmitter offset from
the resonance condition led to a complete failure of the pulse.

The optimized OC power levels for the groupl, group2, group3
and group 4 are 0.316, 3.981, 0.502 and 0.199 mW resp.. Addition-
ally, the OC pulses were functioned reasonably at resonance
(01 = OHz, By =0.4991328 T, corresponding to NMR frequency of
21.2518194 MHz).
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Optimal control pulses were calculated to excite either BA or

4.2. Editing of full spin systems in a multisystem mixture

An equimolar benzoic acid (BA) and alanine (Ala) mixture was
used for demonstrating subspectral editing (of either BA or Ala sig-

nals) using OC pulses.
The proton NMR hard pulse spectra of the BA/Ala mixture taken
at 21.25 MHz and 600.13 MHz and the enlargements of the

resolved multiples at 600.13 MHz are shown in Fig. 8a, 8b and

coupling Hamiltonian of the system 1 (BA) is given

Hee 72712 Vi, +27IZ Z J,kl IHk

i=2 K=i+1

8¢, resp..
The three multiplet signals of the BA spectrum appeared as one Bs — J%s :J;S — J;G — oj = I, 1,1,
broad signal with a shoulder at 21.25 MHz because their chemical
shift differences are smaller than the linewidth (while they are
well resolved at 600.13 MHz). The two Ala spectral lines appeared
as two separate signals, the Ala CH-signal appearing at -22.5 Hz
showed, however, a partial superposition with the water signal.
Similar to the analysis of cyclopentenone, the chemical shifts
and the coupling constants of BA and Ala were determined from
a first order analysis (Fig. 9) of the spectrum at 600.13 MHz. After-
wards, the resonance frequencies at 21.25 MHz were obtained by

downscaling the resonance frequencies to 21.25 MHz

The corresponding spin matrices are denoted I

(/l\ = IX',« Isz)-
The Hamiltonian of system 2 (Ala) is given by

272
IIZH

Hi, = an v

3
P2y R AT (1= Tl)
i=1

Ala as a spectral editing experiment. In order to speed up the cal-

culations, a system approach was applied, i.e., two systems corre-

sponding to the two compounds were chosen. The strong
A by

(14)

where (H;,i = 2..6) denote the spins, and the corresponding reso-

nance frequencies (v},i=2..6) of BA and are indicated in Fig. 9
1,,, with i = 2.6and

(15)
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(b) Alanine

H4 |
( OH
Jas 4 \&%34
Jas - Joa
J-coupling | Resonance frequencies J-coupling Resonance frequencies
Hz Hz
[Hz] 600.13 MHz | 21.25 MHz [Hz] 600.13 MHz 21.25 MHz
J3=J5=8.44 | v,=v= 1864.74 | v,=Vve= 67.70 Ji=d13=d1g v,= -710.44 v,= -22.50
324:j46: ;24 V3=V5= 1624.58 | v43=v5= 57.50 =72 Vo=V3=V, V,o=V3=V,
PR V,= 1665.71 v,= 60.30 =-2037.31 =-72.10
Fig. 9. Visualization of the resonance frequencies and the coupling network of (a) Benzoic acid and (b) Alanine.
where (H;,i =1..4) denote the spins of Ala and are indicated in 4.,
TO, = _ I, (Targetoperator2) (23)

~2
Fig. 9. The corresponding spin operators are denoted I, with

i=1.4and (I1=1, Iy, 1,). The resonance frequencies (v?, i=1..4)
are indicated as well in Fig. 9 for both NMR frequencies.

The calculation was run as a state-to-state transfer with the ini-
tial operators for both systems being as follows:

6

L. = > Iy (Initialoperator1) (16)
i
4

I, =" L, (Initialoperator2) (17)

i=1

Target operators (TOq, TO,) to generate optimal control pulses to
excite spin system 1 (BA) and spin system 2 (Ala) (Fig. 10a) are
denoted as follows:

6

TO, = _I,,, (Targetoperator1) (18)
i=2
4

T0, = Y I, (Targetoperator2) (19)
i=1

And to excite system 1 (Ba) (Fig. 10b):

6

T0; = > I,, (Targetoperator1) (20)
i=2
4

T0, = _ I3, (Targetoperator2) (21)

i=1

And to excite system 2 (Ala) (Fig. 10c):

6
T0; = > I, (Targetoperator1) (22)
i=2

i=1

The quality factor of the calculation (U; and U, denote the cal-
culated pulse propagators for system 1 and system 2, resp.) is given
by:

& = real (Trace (TO'1 U I3,U, ) ) + real (Trace (TO'2 Ul .U, ) ) (24)

The imaginary part is zero within the limits of precision of the
calculations.

Three optimal control pulses were calculated, simulated and
performed at 21.25 MHz.

The simulated and measured '"H NMR spectra using the first
optimal control pulse at 21.25 MHz to excite both systems (Ba
and Ala) as a hard pulse (HP) are shown in Fig. 10a. The second
optimal control pulse was calculated to excite the BA proton spec-
trum and to suppress the Ala proton spectrum, while the third
optimal control pulse was calculated to perform in reverse order.
The obtained simulated and experimental spectra are shown in
Fig. 10b and 10c, respectively.

5. Discussion and conclusions

To show the performance and the advantages of optimal control
pulses over a selective excitation based on Gaussian pulses, the
cyclopentenone experiments that were done with OC pulses were
also attempted with Gaussian pulses. The applied Gaussian pulse
had a 1% cutoff, offset at the targeted signal, a maximum power
level of 3.16 uW and a pulse length of 21.2 ms. The excitation
and suppression factors found for both cases are given in Table 1.
The Gaussian pulse suppresses the unwanted signal by a factor of
SF = 0.03 which is comparable to the performance of a Krotov
selective pulse. However, the EF values of the targeted signals
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Fig. 10. Simulated (upper spectrum of every stack plot) and experimental (lower spectrum of every stack plot) "H NMR spectra (21.25 MHz) of BA and Ala mixture generated
by optimal control pulse to excite (a) both systems (Ba and Ala) as a hard pulse (HP), (b) spin system 1 (BA) and (c) spin system 2 (Ala). Signal of HDO appeared in the

experimental spectra but not in the simulation.

using a Gaussian pulse (0.5 on average) show significant differ-
ences compared to those measured with OC pulses (0.77 on aver-
age). Moreover, the results obtained for group 2 to group 4
reveal that Gaussian pulses can only be applied on a continuous
range of frequencies: This is, however, usually not the case for
metabolites, which have their signals spread over a wide range of
frequencies, with signal ranges of other metabolites in between.
Hence, Gaussian pulses are inappropriate for targeted metabolic
profiling using NMR.

To conclude, we have shown, that optimal control pulses can be
applied for subspectral editing at a field strength as low as 0.5 T,
i.e,, under conditions of strong coupling. Employing the Krotov
algorithm to a mixture of benzoic acid and alanine, compound
selective excitation pulses could be calculated. These pulses excite

10

either the signal of benzoic acid or that of alanine with very little
crosstalk, namely 5% from alanine and 4% from benzoic acid, resp..
Even for the spin system of cyclopentenone, where the aliphatic
and olefinic protons are coupled to each other, the signals of four
groups of protons mostly arising from both aliphatic and olefinic
protons could be edited with a crosstalk of unwanted signal in
the low percent range. In this way, selective excitation pulses for
individual components in multi component mixtures become
available. This resembles the concept of a programmable detector,
which excites and detects just one target compound at a time thus
circumventing the problem of signal superposition. Combined with
a magnet that has a large homogeneous volume like a Halbach
magnet [22], the aforementioned approach would open low field
NMR for new applications such as targeted metabolomics. When
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The EF and SF factors of the signal groups excited using Gaussian and OC (Krotov) pulses. EF and SF Factors calculated using the absolute integration of the wanted and unwanted
signal, resp. with respect to the absolute integration of the same signals after excitation with a hard pulse.

()
Cyclopentenone
Factor Group 1 Hs,Hy, HsandHg Group 2 HyandH, Group 3 Hy,Hs,Hs, HsandHg Group 4 H,,H3,Hy, HsandHg
0C Krotov Gaussian 0OC Krotov Gaussian 0C Krotov Gaussian OCKrotov Gaussian
EF 0.80 0.52 0.76 n.p. 0.74 n.p. 0.78 n.p.
SF 0.03 0.03 0.06 n.p. 0.05 n.p. 0.03 n.p.
(b)
Factor Benzoic acid Alanine
OC (Krotov) Gaussian OC (Krotov) Gaussian
EF 0.78 0.55 0.77 0.53
SF 0.05 0.02 0.04 0.03

n.p.: not possible (because the signals fall in a frequency range where other wanted signal are showing up and then the unwanted signals cannot be suppressed selectively

(continuous frequency range can be excited or suppressed)).

equipped with a library of spectral editing pulses, a cheap and low
footprint NMR spectrometer could be applied in point of care set-
tings like doctors’ offices or intensive care units and increase the
throughput of clinical [23] samples.
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Appendix

App 1: Krotov algorithm
The functional J, given by

T
12@71/ > wp(tydt (A1)
'0 k

has to be optimized under the constraint of the Liouville equation,

w = —iH(t)U(t) (A2)
dt
with the Hamiltonian
(A3)

Hit)=H +Y_ i,
k

where Hgp and ", I denote the system Hamiltonian and the con-
trol Hamiltonian, respectively, resulting in

D yaie) = —i
dt n

Un(t) (Ad)

H. + Z wk"nlk:l Un(t)
k

where n denotes the number of the iteration. The Liouville Eq. (A4)
is introduced to (A1) as a constraint using a complex valued opera-
tor, called back propagation operator (B) as a Lagrange multiplier.
As | has to remain real valued, the complex conjugate of the
Lagrange multiplier term has to be added as well:

11

(t)dt

@fz/Tijwi

0

- /OT Tr{B*(t) {%
-l

where U* and B* denote the adjoint operators of U and B, resp.. The
optimization requires the derivatives of the functional | with

respect to the control parameters to be zero at a stationary point,
resulting in the three equations

U(t) + iH(t)U(t)} }dt

U*(t) — iU*(t)H(t)}B(t)}dt

%B(t) = —iH(t)B(t) (A6)
B(t) = a%%) (A7)
o (t) = %ImTr{ (B (O)IU(1)]} (A8)

As the functional J has to increase with each iteration n, the fol-
lowing expression must be positive,

T
Guet =923 [ [0ha (0 - 00 (A9)

Importing the stationary point conditions and evolving the
propagators using the second order Strang method [16], one
arrives at

f; (a)j> = 2Re [Tr{ (exp (iAt Z a),(_lek>
k
X exp (—iAt > w, J.]Hk) - E)AU}1B]-1A* H
k
— At Z(a);(_jf] - CO[Q,]) (w;c.j—l + Cl)qu)
k

which has to be maximized in order to keep the functional differ-
ence positive. Here the primed and unprimed variables refer to iter-

ation number n + 1 and n, respectively, j denotes the number of the
time step of length At,A = e *>Ao and E is the identity operator.

(A10)

’

The minimization of —f; (a)]) is started with an appropriate initial
guess for the wj, using a quasi-Newton optimizer.
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